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Chapter 1
Introduction
We prove, once and for all, that people who don’t use superspace are really out of it.
“Stuperspace”
This review presents itself as a collection of the lecture notes on superfield supersym-
metry based on lectures given at Instituto de F´ısica, Universidade de Sa˜o Paulo, Instituto
de F´ısica, Universidade Federal do Rio Grande do Sul (Porto Alegre) and Departamento
de F´ısica, Universidade Federal da Paraiba (Joa˜o Pessoa).
The idea of supersymmetry is now considered as one of the basic concepts of theoretical
high energy physics (see f.e. [1]). The supersymmetry, being a fundamental symmetry of
bosons and fermions, provides possibilities to construct theories with much better renor-
malization properties since some bosonic and fermionic divergent contributions cancel
each other. Moreover, there are essentially finite supersymmetry theories without higher
derivatives, f.e. N = 4 super-Yang-Mills theory (for the detailed discussion of the finite-
ness of this theory see, f.e., [2] and references therein), and, probably, N = 8 supergravity
[3] and N = 6, N = 8 Chern-Simons theories [4]. Now most specialists in quantum field
theory suggest that unified theory of all interactions must be supersymmetric.
Concept of supersymmetry was introduced in known papers by Volkov and Akulov
[5] and Golfand and Lichtman [6] in early 70s and received further development in [7, 8]
(the history of arising of the concept of the supersymmetry is well described in the book
[9]). The essential breakthrough in supersymmetric field theory was achieved with intro-
ducing the idea of a superfield [10] (see also [11, 12]). The reason for it consists in the
fact that the superfield formulation, first, allows to maintain manifest supersymmetric
covariance on all steps of calculations, with all calculations are realized in a very compact
manner (indeed, any supergraph corresponds to a set of the Feynman diagrams in com-
ponents), second, automatically takes into account the famous “miraculous cancellations”
of ultraviolet divergences responsible for an essential improvement of the renormalization
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behaviour of the supersymmetric field theories [13]. Moreover, in the context of the non-
commutative field theory it turns out to be that the supersymmetry is responsible for
cancellation not only of the ultraviolet divergences, as usual, but also of the dangerous
infrared divergences arising due to the UV/IR mixing mechanism (see f.e. [14]). Further,
the concept of the extended supersymmetry has been introduced, and the corresponding
extended superspace formalism has been elaborated. Within this lecture course, never-
theless, we concentrate on the N = 1 superfield formalism which is known as one of the
most universal tools for studying the supersymmetric field theories.
Now, let us briefly describe the main steps in development of the superfield method-
ology. The first example of the successful application of the superfield concept was the
model proposed by Wess and Zumino in their seminal paper [10] where the simplest su-
perfield model, further denominated as the Wess-Zumino model, has been formulated.
Further, in [8] they introduced the superfield gauge model, that is, the super-Yang-Mills
theory. Intensive studies of different issues related to the quantum aspects of these theo-
ries began to be discussed, in particular, the finiteness of N = 4 super-Yang-Mills theory
was proved [15] (for discussions of finiteness of the supersymmetric gauge theories see also
[16]), which implied in a strongest interest to the supergauge theories, and the superfield
supergravity was formulated [17]. In 1984, the first consistent methodology possessing an
explicit extended (N = 2) supersymmetry has been developed, that is, the harmonic su-
perspace [18, 19]. At the same year, the superfield approach has been successfully applied
to the superstring theory [20], which emphasized the importance of the this approach
within the string context. A bit earlier, the superfield formulation has been developed
for the supersymmetric theories in a three-dimensional space-time [21, 22], which further
manifested itself as a very convenient laboratory for study of different issues related to
the supersymmetry due to its simplicity.
A new epoch for studies of the superfield theories began in 1991 when the chiral con-
tributions to the effective action were discussed first time in the papers [23, 24]. These
papers called an attention to the superfield methodology for evaluating the effective po-
tential whose development has been carried out in a series of papers initiated by the paper
[25], where this methodology has been successfully applied to the Wess-Zumino model.
Further, the success of the paper [26] strongly increased the interest to the supergauge
theories.
Among the most successful application of the superfield methodology, also its appli-
cation to the noncommutative supersymmetric field theories deserves to be mentioned.
The famous paper [27] established the fact that, since the space-time noncommutativity
does not affect the Grassmannian coordinates of superfields, the superfield methodology
can be used as a main instrument to deal with the famous problem of the UV/IR mixing
7[28] known for generating the new infrared divergences which break the perturbative ex-
pansion. It was shown in [27] that the superfield methodology, known for improving he
ultraviolet behaviour, also allows to remove the dangerous UV/IR infrared divergences.
Further, the non(anti)commutativity was introduced also to the fermionic sector [29].
The N = 1 superfield methodology in supersymmetric quantum field theory, being
an universal tool for a great number of supersymmetric models, is a main topic of these
lectures. We consider the superfield description both of three- and four-dimensional su-
persymmetric field theories, including the noncommutative generalization for some cases.
In the chapter devoted to three-dimensional theories we use the notations and conventions
introduced in [22], while in the chapter devoted to four-dimensional theories – those ones
introduced in [30, 31].
Within this review, we are going not only to describe the superfield formalism in
three- and four-dimensional space-times and give the superfield formulation for the most
important examples of the supersymmetric field theories, but also to consider in de-
tails calculation of the loop corrections within the superfield description. The review is
focused, principally, in evaluating the effective action in different supersymmetric field
theories (because of the restricted value of the lecture course and of this review, we do
not discuss here the superstring and supergravity issues, for which we recommend [1] and
[31] respectively).
The structure of this review looks like follows. In the Chapter 2, we give a basic
description of an effective action and the loop expansion. In the Chapter 3 we discuss
the superfield formalism, supergraph technique and methods of calculation of the effective
action in three-dimensional space-time. In the Chapter 4, the four-dimensional superfield
methodology is described on many examples. In the Chapter 5, we present the introduc-
tion to the problem of a spontaneous supersymmetry breaking. Finally, in Summary we
discuss the perspectives of supersymmetry.
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Chapter 2
Effective action and loop expansion:
general description
An effective action is a central object of quantum field theory. Studying of an effective
action allows to investigate problems of vacuum stability, Green functions, spontaneous
symmetry breaking, anomalies and many other problems. In the description of its general
structure we follow the methodology described in [32, 33].
An effective action (in particular, in a superfield theory) is defined, as usual, as a gen-
erating functional of one-particle-irreducible Green functions. It is obtained as a Legendre
transform for generating functional of connected Green functions:
Γ[Φ] = W [J ]−
∫
dzJ(z)Φ(z). (2.1)
Here Γ[Φ] is an effective action, dz denotes integral over the corresponding space or its
subspace (in some cases, we omit the sign of the integral together with the coordinate
dependence of the fields, i.e. JΦ ≡ ∫ dzJ(z)Φ(z)), J(z) is the classical source, Φ(z) =
δW [J ]
δJ(z)
is a so called mean (super)field or background (super)field, which is an essentially
classical object (in principle, one can consider a set of background (super)fields as well,
so, in general, Φ is a column vector); in terms of the path integral one has
Φ =
∫
DφeiS[φ]+iφJφ∫
DφeiS[φ]+iφJ
,
which is exactly the definition of the vacuum expected value in the path integral formalism,
and W [J ] = 1
i
logZ[J ] is a generating functional of the connected Green functions. It is
easy to see that the Γ[Φ] satisfies the equation
δΓ[Φ]
δΦ(x)
= −J(x).
9
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The effective action can be expressed in the form of the path integral [33]:
e
i
h¯
Γ[Φ] =
∫
Dφe
i
h¯
(S[φ]+φJ−ΦJ). (2.2)
Here S[φ] is a classical action of the corresponding theory. Note that φ is an integration
variable, and Φ is a function of a classical source J which does not depend on φ. We
introduced the Planck constant h¯ by dimensional reasons (indeed, the Planck constant
has a dimension of the action) and in order to obtain the loop expansion. We note that,
to distinguish quantum effects from the classical ones, we treat h¯ as a small parameter,
thus, the effective action is a power series in h¯. To calculate this integral we make change
of variables of integration:
φ→ Φ +
√
h¯φ.
If we have several fields we can unite them into a column vector, and all consideration is
quite analogous. The integral (2.2) after this change takes the form
e
i
h¯
Γ[Φ] =
∫
Dφe
i
h¯
(S[Φ+
√
h¯φ]+
√
h¯φJ). (2.3)
Our aim consists here of the expansion of Γ[Φ] in power series in h¯ following the approach
described in [33].
First, we expand factor in the exponential of the above expression into power series in
h¯:
i
h¯
S[Φ +
√
h¯φ] +
i√
h¯
φJ =
i
h¯
(
S[Φ] + (S ′[Φ] + J)
√
h¯φ+
h¯
2
S
′′
[Φ]φ2 + . . .+
+
h¯n/2
n!
S(n)[Φ]φn + . . .
)
. (2.4)
Here S(n)[Φ] denotes n-th variational derivative of the classical action with respect to Φ
(integration over corresponding space is assumed). This expansion can be substituted into
(2.3). We can introduce the quantum part of the effective action, Γ¯[Φ] = Γ[Φ]−S[Φ], which
can be expanded into power series in h¯, beginning from the first order: Γ¯ =
∞∑
n=1
h¯nΓ(n).
As a result we have
e
i
h¯
Γ¯[Φ] =
∫
Dφ exp
[ i
h¯
(√
h¯(S ′[Φ] + J)φ+
h¯
2
S
′′
[Φ]φ2 + . . .+
h¯n/2
n!
S(n)[Φ]φn + . . .
)]
. (2.5)
Then the first block, i√
h¯
(S ′[Φ] + J)φ, can lead only to one-particle-reducible supergraphs
since its contribution with one quantum field φ can form only one propagator during
the contraction of the quantum fields, thus it does not contribute to the effective action.
Hence we can omit this term. Then we can expand the exponent into power series in h¯:
e
i
h¯
Γ¯[Φ] =
∫
Dφe
i
2
S
′′
[Φ]φ2
(
1 +
i
√
h¯
3!
S(3)[Φ]φ3 +
ih¯
4!
S(4)[Φ]φ4 +
+
(
i
√
h¯
3!
)2
(S(3)[Φ]φ3)2 + . . .
)
. (2.6)
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At the same time, after substituting the expansion of Γ¯ in the left-hand side of (2.5) into
power series in h¯ (which we assume to be small) we get:
exp(
i
h¯
Γ¯[Φ]) = ei(Γ
(1) [Φ]+h¯Γ(2)[Φ]+...) = eiΓ
(1)[Φ](1 + ih¯Γ(2)[Φ] + . . .).
Substituting this expansion into (2.6) and comparing equal powers of h¯ we see that any
correction Γ(n) corresponds to some correlator. For example, a one-loop correction is
defined from the equation
exp(iΓ(1)[Φ]) =
∫
Dφe
i
2
S′′[Φ]φ2, (2.7)
and two-loop one – from the equation
Γ(2) =
1
i
∫
Dφe(
i
2
S
′′
[Φ]φ2)
(
i
4!
S(4)[Φ]φ4 − 1
(3!)2
(S(3)[Φ]φ3)2
)
∫
Dφ exp( i
2
S ′′[Φ]φ2)
. (2.8)
Here, as usual, integration over coordinates in expressions of the form S(n)[Φ]φn is as-
sumed. The denominator of this expression serves to eliminate the one-particle-reducible
contributions.
We can see that:
(i) All non-integer orders in h¯ vanish since they correspond to
∫
Dφφ2n+1 exp( i
2
S
′′
[Φ]φ2).
By the symmetry reasons this integral is equal to zero.
(ii) All terms beyond first order in h¯ are expressed in the form of some correlators.
(iii) The one-loop correction (2.7) can be expressed in the form of functional determi-
nant since ∫
Dφ exp(
i
2
S
′′
[Φ]φ2) = Det−1/2S
′′
[Φ], (2.9)
which leads to
Γ(1) =
i
2
Tr log S
′′
[Φ]. (2.10)
The S
′′
[Φ] ≡ ∆ is a some operator. In many cases it has the form ∆ = ✷ + (. . .), with
dots are for derivative-independent terms, for example, mass (in particular, background
dependent). We can express one-loop effective action in terms of functional (super)trace
Γ(1) =
i
2
Tr
∫ ∞
0
ds
s
eis∆. (2.11)
This expression is called Schwinger representation for the one-loop effective action. The
sign Tr denotes both matrix trace tr (if ∆ possesses matrix indices) and functional trace,
i.e.
Treis∆ = tr
∫
dnz1d
nz2δ
n(z1 − z2)eis∆δn(z1 − z2).
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Here n is a dimension of the corresponding (super)space. The calculation of eis∆ in field
theories is carried out with use of a special procedure called Schwinger-De Witt method
or the proper time method [34]. This method will be discussed further.
Let us consider higher loop corrections. From (2.6) it is easy to see that all loop
corrections beyond one-loop order have the form of some correlators, i.e. they include
∫
Dφ exp(
i
2
S
′′
[Φ]φ2)
∏
n
(S(n)[Φ]φn). (2.12)
Such correlators can be calculated in the way analogous to the standard perturbative
methodology. We can use the identity
∫
Dφφnei
1
2
φ∆φ = (
1
i
δ
δj
)n
∫
Dφei(
1
2
φ∆φ+jφ)|j=0, (2.13)
which allows to introduce a diagram technique in which the role of vertices is played by
S(n)[Φ]φn
n!
, and role of propagators – by ∆−1. However since ∆ = S
′′
[Φ] is background
dependent (see above) we arrive at background dependent propagators < φ(z1)φ(z2) >=
∆−1δ8(z1 − z2). These propagators, generally, can be found exactly only in some spe-
cial cases, the most important of them are: first, constant in space-time background
superfields, second, the background superfields are only chiral. Further we consider some
examples.
Let us turn again to (2.6). We see that each quantum superfield corresponds to h¯−1/2,
and each vertex – to h¯−1 (which provides h¯n/2−1S(n)[Φ]φn). An arbitrary (super)graph
with P propagators and V vertices contains 2P quantum superfields (indeed, each propa-
gator is formed by contraction of two superfields). Therefore if this (super)graph contain
vertices S(n1)[Φ]φn1 , S(n2)[Φ]φn2 , . . . , S(nV )[Φ]φnV , its power in h¯ is
V∑
i=1
(ni
2
−1) = 1
2
V∑
i=1
ni−V .
However,
V∑
i=1
ni is just the number of quantum fields associated with all vertices which is
equal to 2P . Therefore the correlator described by this (super)graph has power of h¯ equal
to P − V = L − 1, with L is number of loops. But any correlator of the form (2.6) is a
contribution to Γ
h¯
, hence contribution from L-loop (super)graph to Γ is proportional to
h¯L. Hence we found that the order in h¯ from an arbitrary (super)graph is just the number
of loops in it, and the expansion in powers of h¯ is called loop expansion. As a result we
see that loop corrections can be calculated on the base of special (super)field technique.
In this review we will evaluate the effective action in the superfield formalism both
in three- and four-dimensional superspace, calculating one- and two-loop contributions to
the effective actions of different superfield theory models in an explicit form.
Chapter 3
Superfield description of
three-dimensional supersymmetric
theories
3.1 Definitions and conventions
The general principle of supersymmetric field theory consists in existence of some essen-
tially new symmetry transformations with a fermionic parameter which mix fermionic
and bosonic dynamical variables of the theory. To provide a nontrivial connection of
the supersymmetry transformations with usual Poincare transformations, we also suggest
that the anticommutator of two supersymmetry transformations is nontrivial, in the most
used, and simplest, versions it is a space-time translation.
In this chapter we follow conventions of [22]: in the three-dimensional space-time we
choose the Minkowski metric of the form ηmn = diag(−++), and the Dirac matrices are
the 2 × 2 matrices whose explicit form is: (γ0)αβ = −iσ2, (γ1)αβ = σ1, (γ2)αβ = σ3, with
{γm, γn} = 2ηmn. We use bispinor notations based on converting any vector index into
two spinor indices by the rule Am → Aαβ = Am(γm)αβ. We note that the gamma matrices
with two lower indices are (γm)αβ = (−12,−σ3, σ1) are the symmetric matrices hence all
vectors (in particular, coordinates xm and corresponding derivatives ∂m) are represented
by symmetric bispinors. To raise and lower the spinor indices we use the Hermitian
Levi-Civita-like C symbol: Cαβ = −iǫαβ =

 0 −i
i 0

 = −Cαβ , with ψα = Cαβψβ , ψα =
ψβCβα (“north-western” convention). Also, one has C
αβCβγ = −δαγ , and CαβCαβ = 2. We
define ψ2 = 1
2
ψαψα (the reader should note the presence of
1
2
factor!!! This is the difference
of this formulation from the version of the three-dimensional superspace proposed by Ruiz
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Ruiz and Nieuwenhuizen in [35]), and use the identity A[αBβ] = −CαβAγBγ following from
the properties of the irreducible representations of the Lorentz group.
To formulate the superspace, we start with introducing spinor coordinates θα with
α = 1, 2. These coordinates are transformed under the spinor representation of three-
dimensional Lorentz group, i.e. SO(1, 2) group (the spinor representation of the Lorentz
group in the three-dimensional space-time is given by the SL(2, R) group). These spinor
coordinates θα, satisfying the Grassmannian anticommutation condition {θα, θβ} = 0,
together with the usual bosonic coordinates xm parametrize the superspace 1.
To develop field theory on superspace we must introduce integration and differentiation
on superspace, i.e. with respect to Grassmann coordinates [36]. We can introduce left ∂L
and right ∂R derivatives with respect to Grassmann coordinates as
∂L
∂θαi
(θα1θαi−1θαiθαi+1 . . . θαn) = (−1)i−1(θα1θαi−1θαi+1 . . . θαn);
∂R
∂θαi
(θα1θαi−1θαiθαi+1 . . . θαn) = (−1)n−i+1(θα1θαi−1θαi+1 . . . θαn). (3.1)
Therefore these derivatives differ only by a sign factor. We can choose one of them, for
example, the left one, and use it henceforth. So, we define the derivatives with respect to
the Grassmannian coordinates as follows:
∂α ≡ ∂
∂θα
; ∂αθ
β = δβα;
∂αβx
γδ =
1
2
δγ(αδ
δ
β); ✷ =
1
2
∂αβ∂
αβ . (3.2)
Here A(αBβ) ≡ AαBβ + AβBα.
The superfield is a (general) function of the superspace coordinates which can be
introduced in the form the Taylor series in θ which is finite because of the anticommuting
nature of θα:
f(x, θ) = f0(x) + f
α
1 (x)θα + f2(x)θ
2, (3.3)
where θ2 = 1
2
θαθα. In a general case, the f0(x), f1(x), f2(x) can be also tensors of different
ranks. The integral over the Grassmann coordinates is defined as
∫
dθαθ
β = δβα, (3.4)
1We do not consider here the alternative anticommutation relations for the spinor coordinates,
however, we will briefly discuss the simplest deformation of the anticommutation relation, that is,
{θα, θβ} = Cαβ , further, in that case the spinor coordinates form the Clifford algebra rather than the
Grassmann algebra; this methodology has been originally introduced in [29].
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which, with use of the definition d2θ = 1
2
dθαdθα, implies
∫
d2θθ2 = −1. (3.5)
This integral allows to define the Grassmannian delta function
δ2(θ) = −θ2, (3.6)
which satisfies the common condition
∫
d2θ1f(θ1)δ
2(θ1 − θ2) = f(θ2). (3.7)
The generators of the supersymmetric transformations (which are the translations in
the superspace), also called the supercharges, are defined as
Qα = i∂α + θ
β∂βα, (3.8)
they evidently commute with the generators of “common” bosonic translations Pαβ =
i∂αβ , while the anticommutator of two supercharges is
{Qα, Qβ} = 2Pαβ. (3.9)
The supersymmetry transformation for the given superfield Φ(x, θ) with the infinitesimal
parameter ǫα is defined as
δΦ(x, θ) = −iǫαQαΦ(x, θ). (3.10)
Projecting this transformation to components, we can obtain the transformation laws for
components of any superfield.
The (super)covariant derivative Dα of an superfield must be transformed also as a
superfield. To satisfy this condition, the Dα must anticommute with the supersymmetry
generators Qβ , i.e. {Dα, Qβ}=0, and commute with the translation generators Pαβ . Also,
spinor supercovariant derivatives must be linear in the simple derivatives ∂α, ∂αβ to satisfy
the Leibnitz rule. All these properties are satisfied if Dα looks like
Dα = ∂α + iθ
β∂βα. (3.11)
The spinor supercovariant derivatives Dα defined in such a way possess the following
properties:
{Dα, Dβ} = 2i∂αβ ; [Dα, Dβ] = −2CαβD2. (3.12)
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After summation of two these expressions we arrive at the following very important rela-
tion
DαDβ = i∂αβ − CαβD2. (3.13)
This identity is employed to carry out D-algebra transformations used for simplifying the
forms of the contributions of the supergraphs (see examples further). One can also notice
that the first expression in (3.12) can be interpreted in the sense that the superspace
possesses a fundamental torsion.
Let us derive some other useful identities (cf. [35]; note, however, that our conventions
differ from those ones used in [35]). First of all, let us note that the totally antisymmetric
object with three spinor indices should vanish (really, such an object vanishes if any two
of its indices coincide, and since spinor indices can take only two values, that is, 1 and 2,
this object should have at least two coinciding indices). If such an object is constructed
by antisymmetrization of the product DαDβDγ, we get
DαDβDγ +DβDγDα +DγDαDβ −DαDγDβ −DβDαDγ −DγDβDα = 0. (3.14)
Contracting this expression to Cβγ we get
2(DαDβD
β +DβD
βDα +D
βDαDβ) = 0. (3.15)
Then, in the first term we substitute the identity DαDβ = −DβDα + {Dα, Dβ}, and in
the second one we substitute the identity DβDα = −DαDβ + {Dβ, Dα}. Afterwards, the
anticommutator terms cancel each other, and we rest with
DβDαDβ = 0. (3.16)
This is a very important identity which role is similar to the properties of the project-
ing operators in four-dimensional superfield supersymmetry (see further). Applying this
identity to (3.15) we find another important identity
{Dα, D2} = 0. (3.17)
Applying the (3.13) and the (3.17) we can derive one more important identity
(D2)2 = ✷. (3.18)
These properties of the supercovariant derivatives can be used for constructing of the
superfields.
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One more very important property of the supercovariant derivatives and delta function
which can be checked by a direct applying the spinor supercovariant deruvatives on the
delta function is
δ12D
2δ12 = δ12. (3.19)
It is straightforward to verify as well that
δ12Dαδ12 = 0. (3.20)
The most important superfields used in the known field theory models in the three-
dimensional superspace are the scalar and the spinor ones. The scalar superfield is defined
in the form of the following θ expansion:
φ(x, θ) = ϕ(x) + θαψα(x)− θ2F (x). (3.21)
Its components can be also defined as the projections:
ϕ(x) = φ(x, θ)|;
ψα(x) = Dαφ(x, θ)|;
F (x) = D2φ(x, θ)|. (3.22)
Here and further the symbol | means that the Grassmannian coordinates θ in the corre-
sponding expression are put to zero after the differentiation. In the expression above, the
ϕ(x) is the usual scalar field, ψα(x) is the spinor one, and F (x) is the auxiliary field, whose
equations of motion in the usual scalar superfield theory model are just constraints, so,
it can be completely eliminated from the theory on the mass shell. The supersymmetry
transformations for the component fields can be obtained from the projections:
δϕ(x) = δφ(x, θ)| = −iǫαQαφ(x, θ)| = ǫαDαφ(x, θ)| = ǫαψα(x);
δψα(x) = δDαφ(x, θ)| = −iǫβQβDαφ(x, θ)| = −ǫβDαDβφ(x, θ)| =
= −ǫβ(i∂αβ − CαβD2)φ(x, θ)| = −ǫβ(i∂αβϕ(x)− CαβF (x));
δF (x) = δD2φ(x, θ)| = −iǫαQαD2φ(x, θ)| = ǫαDαD2φ(x, θ)| =
= −1
2
ǫα{Dα, Dβ}Dβφ(x, θ)| = −iǫα∂αβψβ . (3.23)
We conclude that the spinor field ψα(x) related with the scalar one ϕ(x) through a su-
persymmetry transformation, thus, we refer to the ψα as to the superpartner of φ.
Other important superfield is the spinor one introduced as
Aα(x, θ) = χα(x)− θαB(x) + iθβVβα(x)− 2θ2[λα(x) + i
2
∂αβχ
β(x)], (3.24)
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therefore its components are defined as
χα(x) = Aα(x, θ)|;
B(x) =
1
2
DαAα(x, θ)|;
Vαβ(x) = − i
2
D(αAβ)(x, θ)|;
λα =
1
2
DβDαAβ(x, θ)|. (3.25)
Here Vαβ(x) is a bispinor form of the usual vector (in the most interesting case – gauge)
field, λα(x) is its superpartner (photino), and χα(x) and B(x) are the auxiliary fields.
These scalar and spinor superfields are the basic ingredients for constructing the most
popular field theory models in the three-dimensional superspace. In principle, other su-
perfields (for example bispinor ones) can be also introduced.
3.2 Field theory models
Now, let us introduce the models involving the scalar and spinor superfields. In this
section, we proceed mostly in a manner similar to [22].
1. The action for the models involving only scalar fields have the common form (here
and further we denote d5z = d3xd2θ):
S =
∫
d5z[−1
2
ΦD2Φ +
m
2
Φ2 + f(Φ)] (3.26)
where f(Φ) is an arbitrary function of the scalar superfield (by the reasons of renormal-
izability it must have no more than fourth order in Φ). The case of the complex scalar
superfield does not essentially differ.
The component form of this action can be obtained in the following way: since the
integration and the differentiation are equivalent,
∫
d2θf = D2f |, after integrating by
parts in the kinetic term one has
S =
∫
d3x[−1
2
D2(ΦD2Φ) +
m
2
D2(Φ2) +D2f(Φ)]|, (3.27)
that is,
S =
∫
d3x[−1
2
(D2ΦD2Φ + Φ✷Φ +
1
2
DαΦDαD
2Φ) +
m
2
(2ΦD2Φ+DαΦDαΦ) +
+ (
1
2
f ′′(Φ)DαΦDαΦ+ f ′(Φ)D2Φ)]|, (3.28)
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which, with use of (3.22), yields
S =
∫
d3x[−1
2
F 2 +
1
2
iψα∂
αβψβ − 1
2
ϕ✷ϕ +
+ m(ψ2 + ϕF ) + f ′′(ϕ)ψ2 + f ′(ϕ)F ]. (3.29)
This is the general approach for reduction of a superfield action to components. As we
have already mentioned, the auxiliary field F can be eliminated with use of the equation
of motion
F = mϕ+ f ′(ϕ). (3.30)
which gives
S =
∫
d3x[−1
2
(mϕ+ f ′(ϕ))2 +
1
2
iψα∂
αβψβ − 1
2
ϕ✷ϕ+
+ m(ψ2 + ϕ(mϕ + f ′(ϕ))) + f ′′(ϕ)ψ2 + f ′(ϕ)(mϕ+ f ′(ϕ))] (3.31)
This is the theory of the self-coupled scalar field ϕ interacting also with the spinor ψ.
In other words, it is a supersymmetric extension of the scalar field theory. In particular,
for f(Φ) = λΦ4 (the higher possible renormalizable self-coupling of the scalar superfield,
remind that the mass dimension of Φ is 1
2
as well as of the derivative Dα, and of d
5z is
−2) we get the usual renormalizable coupling λϕ6 as one of the terms of interaction which
is present in the theory.
2. The construction of action for the spinor superfield is more involved. The reason is
that the spinor multiplet turns out to describe supersymmetric three-dimensional gauge
models, hence we must formulate the gauge invariant model for this superfield, since it
contains the vector Vαβ(x) as one of the components.
We start with introduction of the three-dimensional gauge transformations for the
scalar superfield Φ (cf. [22]):
Φ→ eiKΦ, Φ¯→ Φ¯e−iK , (3.32)
where K is a parameter of the gauge transformation. For a constant K the kinetic term
1
2
∫
d5zDαΦ¯DαΦ is invariant under these transformations. Then we introduce a covariant
derivative
∇αΦ = (Dα + iAα)Φ, (3.33)
which under the transformation (3.32) carried out together with the following transfor-
mations for the Aα superfield:
Aα → Aα −DαK (3.34)
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is transformed as
∇αΦ→ eiK∇αΦ. (3.35)
The complex conjugate expression (∇αΦ)∗ is, in a similar manner, transformed by the
factor e−iK . Therefore the expression
∇αΦ(∇αΦ)∗ (3.36)
is invariant under the transformations (3.32,3.34). It is natural to consider it as a simplest
Lagrangian for the scalar field coupled to the gauge one, introducing thus the following
action:
Sm =
∫
d5z[
1
2
(DαΦ+ iΦAα)(DαΦ¯− iAαΦ¯) +mΦΦ¯], (3.37)
Taking into account (3.32,3.35) we can write down the following formal transformation
law for the ∇α:
∇α → eiK∇αe−iK . (3.38)
The covariant derivatives ∇α represent themselves as a base for constructing the superfield
strengths.
We impose the following anticommutation relation which is a straightforward covariant
generalization of first relation in (3.12):
{∇α,∇β} = 2i∇αβ . (3.39)
If we suggest for any covariant derivative ∇A (with both A = α and A = αβ) the relation
∇A = DA + iΓA, we get Γα = Aα and Γαβ = − i2D(αAβ).
Then we suggest that the Bianchi identities on the ∇A are valid:
[∇[A, [∇B,∇C}}} = 0, (3.40)
where the anticommutator (and symmetrization over indices) is suggested between two
fermionic objects whereas the commutator (and antisymmetrization over indices) – in all
other cases. We also introduce the general curvature-torsion definition:
[∇A,∇B} = TCAB∇C − iFAB, (3.41)
where TCAB is a torsion (note that unlike of the “common” flat space the superspace has
the nontrivial intrinsic torsion even for “simple” covariant derivatives Dα, ∂αβ), and FAB
is a curvature. Suggesting in (3.40) the set A,B,C = α, β, γ we get
[∇α, {∇β,∇γ}] + [∇β, {∇γ,∇α}] + [∇γ , {∇α,∇β}] = 0, (3.42)
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which implies
[∇(α,∇βγ)] ≡ −iF(α,βγ) = 0. (3.43)
Also, it follows from (3.42) that TDα,βγ = 0. Then, splitting the Fα,βγ into the irreducible
representations we get
Fα,βγ =
1
6
F(α,βγ) − 1
3
Cα(β|F δ, δ|γ), (3.44)
where the symbol | means that the index δ is not involved into the symmetrization. Since
F(α,βγ) = 0 we get Fα,βγ = iCα(βWγ) with Wγ =
i
3
F δ, δγ Applying the definition of FAB
through the covariant derivatives (3.41) and taking into account that TDα,βγ = 0 which
naturally follows from the Bianchi identities above we arrive at the following expression
for Wα (to which we further refer as to the superfield strength):
Wα =
1
2
DβDαAβ . (3.45)
This object is invariant under the transformations (3.34) which with taking into account
the component structure of Aβ superfield (3.25) correspond to the following variation of
the component fields:
δχα = −σα, δB = −τ, δVαβ = −∂αβω, δλα = 0, (3.46)
where for the given superfield gauge parameter K its components are defined as ω = K|,
σα = DαK|, τ = D2K|. The remarkable fact that the gauge transformation of the su-
perfield Aα corresponds to the common gradient transformation for its vector component
Vαβ. We also note that by an appropriate choice of the gauge parameter K (and hence
its components σα, τ) in a proper way we can completely gauge away the components χα
and B. Such a gauge choice providing χα = B = 0 is called the Wess-Zumino gauge.
Its advantage consists in vanishing of all terms involving third and higher powers of the
Aα superfield itself (note however that the terms involving derivatives of Aα must be
considered in a more careful manner! In other words, for example, the non-Abelian term
{Aα, Aβ}{Aα, Aβ} would vanish while {Aα, DγAβ}{Aα, DγAβ} would not) in the vertices
of interaction but it implies in breaking of supersymmetry, with only some residual su-
persymmetry persists in this case.
The component structure of the Wα strength looks as follows:
Wα = λα + θ
βfαβ + iθ
2∂αβλ
β, (3.47)
i.e. the Wα involves only strength tensor fαβ =
1
2
(σmn)αβFmn (here Fmn = ∂mVn − ∂nVm
is a common strength tensor, and σmn = [γm, γn], notice that σmn with two upper or two
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lower spinor indices is a symmetric matrix with respect to the spinor indices! This follows
from the fact that for the Dirac matrices used within this section the following property
is valid: γmγn = ηmn − ǫmnlγl). This strength tensor is evidently gauge invariant, its
component expansion is not modified even after imposing of the Wess-Zumino gauge. Its
components can be defined by
λα = Wα|;
fαβ = DαWβ|. (3.48)
We note the transversality of the W α following from (3.45):
DαWα = 0, (3.49)
which is a superfield analogue of the known property of the dual vector Fm = 1
2
ǫmnlFnl:
∂mF
m = 0. (3.50)
The most natural, gauge invariant kinetic term for the action of the spinor superfield
is hence
Sg =
1
2g2
∫
d5zW αWα, (3.51)
which, because of (3.47), can be easily shown to give in components
Sg =
∫
d3x(
1
2
fαβfαβ + λ
αi∂αβλ
β). (3.52)
Coupling of the gauge superfield to matter is given by the term
Sm =
1
2
∫
d5z∇αΦ(∇αΦ)∗ = 1
2
∫
d5z(Dα + iAα)Φ(Dα − iAα)Φ∗, (3.53)
whose component content is
Sm =
∫
d3x[− FF¯ + iψ¯α∂αβψβ − ϕ¯✷ϕ−
− iV αβϕ ↔∂αβ ϕ¯+ 1
2
ϕV αβVαβϕ¯+ V
αβ(ψαψ¯β − ψ¯αψβ)− λα(ϕψ¯α − ϕ¯ψα)
+ (ψαF¯ − ψ¯αF )χα + (∂αβψαϕ¯− ∂αβψ¯αϕ− ∂αβϕ¯ψα + ∂αβϕψ¯α)χβ +
+
1
2
(ϕB2ϕ¯− ϕϕ¯χαλα + χαχα(Fϕ¯+ ϕF¯ ))]. (3.54)
We note that only the terms in two first lines do not vanish in the Wess-Zumino gauge.
Presence of the additional terms (or, as is the same – additional vertices) implies in the
known difference between the results obtained within superfield approach and component
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approach – note that most of papers devoted to the component calculations use the
“simplified” supersymmetric formulation of the theories which is effectively obtained by
imposing of the Wess-Zumino gauge – the reason is that such a theory really possesses
(residual) supersymmetry and contains much less terms, however, such a formulation
cannot be obtained by direct projecting of the superfield action into components. This
difference is a quite known phenomenon, f.e. in four-dimensional super-Yang-Mills theory
imposing of the Wess-Zumino gauge allows to truncate nonpolynomial expansion of the
action. However, in this case only the residual supersymmetry survives, which makes
the superfield description to be a bit senseless (for a discussion of noncovariant gauges in
superfield theories see f.e. [37]).
We should mention also one more gauge invariant construction in superspace which is
the superfield analogue of the Chern-Simons term:
SCS =
m
2g2
∫
d5zAαWα, (3.55)
which component structure is
SCS =
m
g2
∫
d3x(V αβfαβ − λαλα). (3.56)
We notice that fαβ is a vector dual to the stress tensor.
3. There is also an alternative free action for the spinor superfield initially introduced
in [38]. In this case, we have two spinor fields, Ψα and Ψ¯α whose component structure is
Ψα = ψα + θαb+ iθβb
βα − θ2φα;
Ψ¯α = ψ¯α + θαb¯+ iθβ b¯
βα − θ2φ¯α. (3.57)
We can introduce the Dirac-like action for these fields:
S = −
∫
d5zΨ¯α(i∂αβ −MCαβ)Ψβ. (3.58)
The corresponding action for the component fields looks like
SM = S
(1/2)
M + S
(1)
M , (3.59)
where
S
(1/2)
M =
∫
d3x
[
ϕ (i γa∂a −M)ψ + ψ (i γa∂a −M)ϕ
]
, (3.60)
S
(1)
M = −
∫
d3x
[
1
2
εabcba∂bbc +
M
2
b
a
ba + b∂
aba + b∂
aba − 2Mbb
]
, (3.61)
We can eliminate the auxiliary field b using its equation of motion, thus
S
(1)
M = −
∫
d3x
[
1
2
εabcba∂bbc +
M
2
b
a
ba − 1
2M
(
∂aba
) (
∂bbb
)]
, (3.62)
This action can be treated as a gauge-fixed Chern-Simons theory, with a Proca mass term.
However, the theory (3.58), up to now, has been discussed only within the duality context
[38].
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3.3 Non-Abelian gauge models
Here we generalize the results for the gauge theories to the case of the non-Abelian gauge
group. To develop it we suggest that the gauge superfield Aβ takes value in some Lie
algebra: Aβ = AβaT a, where T a are the generators of the corresponding Lie group. We
suggest the scalar (matter) superfield also to be the Lie-algebra valued. Again, we follow
the methodology of [22]. We start with the action of matter coupled to the gauge superfield
in the non-Abelian case can be introduced as
Sm =
1
2
∫
d5z(DαΦ + i[Φ, Aα])(DαΦ¯− i[Aα, Φ¯]), (3.63)
with the gauge transformations are
Φ→ e−iKΦeiK , Φ¯→ e−iKΦ¯eiK , Aα → e−iKAαeiK − ie−iK(DαeiK). (3.64)
This is the case of the coupling of the matter to the gauge field in the adjoint representation
where the matter is Lie-algebra valued as well as the gauge field. The transformation above
for the Aα field in the infinitesimal form looks like
δAα = DαK + i[Aα, K]. (3.65)
The introduction of the covariant derivatives is carried out as above:
∇αΦ = DαΦ + i[Φ, Aα]. (3.66)
Applying the identities (3.39), (3.42) as above, we again arrive at
Wγ = − i
3
CαβFα,βγ , (3.67)
with the stress tensor FAB is defined from (3.41). However, now we should take into
account that the Aα superfields and their derivatives no more (anti)commute now, hence
the Fα,βγ = i[∇α,∇βγ] is nonlinear in Aα: since it follows from (3.39) that
Γαβ = − i
2
(D(αAβ) − i{Aα, Aβ}) (3.68)
we get
Wα =
1
2
DβDαAβ − i
2
[Aβ, DβAα]− 1
6
[Aβ , {Aβ, Aα}]. (3.69)
The Wα defined in such a way is covariant but not invariant under transformation (3.64),
it is transformed as
Wα → e−iKWαeiK , (3.70)
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or, in the infinitesimal form,
Wα →Wα + i[Wα, K]. (3.71)
Now, let us consider the Bianchi identity
{∇α, [∇β,∇γδ]}+ {∇β, [∇γδ,∇α]}+ [∇γδ, {∇α,∇β}] = 0. (3.72)
After the contractions with the symbols Cαγ and Cβδ it gives
{∇(α, [∇β),∇αβ]} = −6{∇α,Wα} = 0. (3.73)
This is the non-Abelian transversality condition.
The action invariant under the gauge transformations (3.70), similarly to the Abelian
case, looks like
S =
1
2g2
tr
∫
d5zW αWα. (3.74)
Using the expression (3.69) and adding the gauge-fixing action
Sgf = − 1
4g2ξ
tr
∫
d5z(DαAα)D
2(DβAβ), (3.75)
one can write down the exact form of total action of Aα superfield:
Stotal = tr
1
2g2
∫
d5z
[1
2
(1 +
1
ξ
)Aα✷Aα − 1
2
(1− 1
ξ
)Aαi∂αβD
2Aβ
]
.+
+
1
g2
∫
d5z
[
− i
4
DγDαAγ[A
β , DβAα]− 1
12
DγDαAγ[A
β , {Aβ, Aα}]−
− 1
8
[Aγ, DγA
α][Aβ , DβAα] +
i
12
[Aγ, DγA
α][Aβ , {Aβ, Aα}] +
+
1
72
[Aγ, {Aγ, Aα}][Aβ, {Aβ, Aα}]
]
. (3.76)
The action (3.74) formally replays the structure of the action for the supersymmetric
Abelian gauge theory. For the Chern-Simons theory, however, the action is not a “direct”
non-Abelian generalization of (3.55). Really, under the infinitesimal transformation (3.71),
the “naive” non-Abelian generalization of the Chern-Simons action (3.55), obtained by a
direct promotion of the Abelian strength Wα to its non-Abelian analogue (3.69), acquires
a variation
δS = − m
2g2
tr
∫
d5zKDαWα, (3.77)
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but DαWα 6= 0 in the non-Abelian case, see (3.73). To cancel this variation we should
add to the (3.55) some new terms. As a result, the gauge invariant action takes the form
S =
m
2g2
tr
∫
d5z(AαWα +
i
6
{Aα, Aβ}DβAα + 1
12
{Aα, Aβ}{Aα, Aβ}). (3.78)
The ghost action in both these theories, that is, super-Yang-Mills and non-Abelian su-
persymmetric Chern-Simons theories is the same since it can be obtained from the same
gauge-fixing function χ = DαAα by use of the Faddeev-Popov prescription. It looks like
Sgh =
1
2g2
tr
∫
d5zc′Dα(Dαc+ i{Aα, c}). (3.79)
Here c, c′ are the Faddeev-Popov ghosts, they are fermionic superfields by the general rules.
We note that the last term in the expression above must include an anticommutator to
provide its vanishing for the Abelian gauge group.
Now we are in position to develop the quantum formulation for the theories.
3.4 Quantum description for the superfield models
Our aim here consists in the development of the perturbative approach for the theories
described above: scalar superfield model, super-Yang-Mills and super-Chern-Simons field
theories.
We start with the introduction of the superfield propagators. The definition of the
propagator is the following one: if the operator defining the free theory (second functional
derivative of the free action) is ∆, the propagator G(z1 − z2) satisfies the equation
∆G(z1 − z2) = iδ5(z1 − z2). (3.80)
For the scalar field theory (3.26) the propagator is
G(z1, z2) =< Φ(z1)Φ(z2) >= i
D2 +m
✷−m2 δ(z1 − z2). (3.81)
The ghost propagator is very similar:
Ggh(z1, z2) =< c(z1)c
′(z2) >= −ig2D
2
✷
δ(z1 − z2). (3.82)
However, we note that any ghost loop, despite similarity of the ghost and scalar propa-
gators, will carry an additional minus sign.
For the super-Yang-Mills theory (and, in particular, QED), because of the gauge
invariance, we must fix the gauge by adding to the action (3.51) the gauge fixing term
SQEDGF = −
1
4ξg2
∫
d5z(DαAα)D
2(DβAβ), (3.83)
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which gives the propagator
GαβQED(z1, z2) =< A
α(z1)A
β(z2) >=
ig2
2✷2
[D2DβDα − ξD2DαDβ]δ(z1 − z2), (3.84)
or, after applying the identity (3.13), the same propagator takes the form
GαβQED(z1, z2) =< A
α(z1)A
β(z2) >=
=
ig2
2
[
Cαβ
1
✷
(ξ + 1)− 1
✷2
(ξ − 1)i∂αβD2
]
δ(z1 − z2). (3.85)
The most important gauges are: ξ = 1, the Feynman gauge, where the propagator does not
involve spinor derivatives; ξ = −1, where only second term of (3.85) survives, and ξ = 0,
the Landau gauge which makes the propagator to be transversal, i.e. DαGαβ|ξ=0 = 0.
Nevertheless, sometimes other gauges are also important, for example, it was shown in
[39] that the supersymmetric three-dimensional QED is finite in all loop orders at ξ = −8.
For the Chern-Simons theory we also must add to the free action (3.55) the gauge
fixing term which we choose to be in the form
SCSGF = −
m
4ξ
∫
d5z(DαAα)(D
βAβ), (3.86)
implying in the propagator
GαβCS(z1, z2) =
i
4m✷
[DβDα + ξDαDβ]δ(z1 − z2). (3.87)
Its equivalent form is
GαβCS(z1, z2) =< A
α(z1)A
β(z2) >=
i
4m✷
[
CαβD2(1− ξ) + (1 + ξ)i∂αβ
]
δ(z1 − z2). (3.88)
Some authors, instead of the gauge-fixing term (3.86), suggest to add another gauge-fixing
term
SCSGF2 = −
m
2ξ
∫
d5z(DαAα)D
2(DβAβ), (3.89)
with ξ is now a parameter with a non-zero mass dimension. However, this case, implying
propagator
GαβCS2(z1, z2) =
i
4m✷
[DβDα + ξ
D2
✷
DαDβ]δ(z1 − z2). (3.90)
with the same ξ-independent part as that one of (3.87), does not essentially differ.
It is instructive here to give the inverse operator for the generic one of the form
∆αβ = A1D
αDβ + A2D
βDα. We suggest here that both A1 and A2 commute with the
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product DαDβ, being either constants or functions of D
2 and the space-time derivatives.
Supposing that the inverse operatorQαβ by definition satisfying the relation ∆
αβQβγ = δ
α
γ ,
we express
Qβγ = X1DβDγ +X2DγDβ. (3.91)
We carry out the straightforward multiplication of ∆ and Q. The property DαDβDα = 0
cancels two from four terms in this product. We simplify remaining ones with the use of
the key identity (3.13), compare the factors accompanying δαγ and ∂
α
γ in both sides of the
equation and arrive at
2✷(A1X1 + A2X2) = −1;
A1X1 −A2X2 = 0. (3.92)
From this system, we find the coefficients X1 and X2, writing down the operator Qβγ as
Qβγ = − 1
4✷
(
1
A1
DβDγ +
1
A2
DγDβ). (3.93)
It is easy to see that the cases of the QED and the Chern-Simons theory given above
match this expression.
The quantum contributions as usual are described by the supergraphs arising from
the standard path integral:∫
DΦei(Φ
∆
2
Φ+V (Φ)+ΦJ) ≡ eiV ( 1i δδJ )e− i2J∆−1J (3.94)
To describe the general divergence structure we can apply the superficial degree of diver-
gences. First, because of the (3.19) one spinor supercovariant derivative contributes 1
2
.
Then, the propagator of scalar superfield contributes −1 as well as the propagator of the
Chern-Simons superfield, that one of gauge superfield for QED (and similarly – Maxwell-
Chern-Simons and super-Yang-Mills) contributes −2. Each loop contributes 2 since any
integration over d3k contributes 3, but number of the D-factors which can be converted to
momenta by the rule (3.13) is decreased by 2 in any loop because of the shrinking of any
loop to a point by the identity (3.19). Denoting number of vertices involving i Aα gauge
superfields and no other superfields as V
(i)
A , number of vertices involving ghosts as Vc,
number of vertices involving scalar superfields with one and none spinor supercovariant
derivatives as V Dφ (which contributes
1
2
) and V 0φ respectively – here we suggest that the
matter is coupled only to the gauge superfield just in the form given in (3.63). Summation
and use of the topological identity L+V −P = 1 allows to find that the superficial degree
of divergence in the super-Yang-Mills theory with a scalar matter looks like (cf. [14]):
ω = 2− 2V (6)A −
3
2
V
(5)
A − V (4)A −
1
2
(V
(3)
A + Vc)−
1
2
Eφ − 1
2
V Dφ − V 0φ , (3.95)
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whereas in the Chern-Simons theory – like
ω = 2− 1
2
(EA + Eφ). (3.96)
Here the EA and Eφ are the numbers of the external gauge and scalar legs. Therefore we
find that the SYM theory is super-renormalizable (and finite beyond two loops) whereas
the Chern-Simons theory is renormalizable. Moreover, in the framework of the dimen-
sional regularization both theories are one-loop finite (since the integral
∫ d3k
k2+m2
is finite
within this approach, and the one-loop logarithmic divergences in the odd-dimensional
theories vanish by symmetry reasons, except of the cases of the very specific effective
theories where the propagators proportional to 1√
k2
are possible, the typical examples of
such theory are the nonlinear sigma model and the CPN−1 model [14]).
The contributions from the supergraphs are evaluated with help of the D-algebra
transformations whose aim consists in the reduction of the contribution to the supergraph
to the single integral over d2θ (the possibility of this reduction can be treated as a some
kind of the “nonrenormalization theorem” originally introduced in the four-dimensional
case [40]). These transformations are based on Leibnitz rule and use identities (3.19,3.20)
and the similar ones. We note that for tadpole graphs we cannot put D2δ(0) = 0, really
the expression of this type is treated as D2δ(0) ≡ D2δ(θ1− θ2)|θ1=θ2 = 1. We also use the
relation
Dα(θ1, k)δ(θ1 − θ2) = −Dα(θ2,−k)δ(θ1 − θ2). (3.97)
Let us give the typical example of the D-algebra transformations [14]. The matter
contribution to the two-point function spinor field Aα arising in the model (3.37) is formed
by the two diagrams shown in Fig. 1.
a b
F ig.1.
The first graph, depicted in Fig. 1a, gives the following contribution:
iS1a(p) = −1
4
∫
d2θ1d
2θ2
∫
d3k
(2π)3
Aα(−p, θ1)Aβ(p, θ2) (3.98)
×
[
Dα1 < φ(−k, θ1)φ¯(k, θ2) > (< φ¯(k + p, θ1)φ(−k − p, θ2) >
←
Dβ2)
−(Dα1 < φ(−k, θ1)φ¯(k, θ2) >
←
Dβ2) < φ¯(k + p, θ1)φ(−k − p, θ2) >
]
,
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where the notation Dγi was used to indicate that the supercovariant derivative is applied
to the field whose Grassmannian argument is θi. Taking into account the explicit form of
the propagators, we have
iS1a(p) =
1
4
∫
d2θ1d
2θ2
∫
d3k
(2π)3
Aα(−p, θ1)Aβ(p, θ2)
×
[Dα1(D21 +m)
k2 +m2
δ12
(D21 +m)Dβ2
(k + p)2 +m2
δ12
− Dα1(D
2
1 +m)Dβ2
k2 +m2
δ12
D21 +m
(k + p)2 +m2
δ12
]
. (3.99)
Integrating by parts some of the spinor derivatives and by using the identityDβ2(k, θ2)δ12 =
−Dβ1(−k, θ1)δ12 we arrive at
iS1a(p) =
1
4
∫
d2θ1d
2θ2
∫
d3k
(2π)3
I(k, p)
×
[
2(D21 +m)δ12Dα1(D
2
1 +m)Dβ1δ12A
α(−p, θ1)Aβ(p, θ2)
+ (D21 +m)δ12(D
2
1 +m)Dβ1δ12(D
αAα)(−p, θ1)Aβ(p, θ2)
]
. (3.100)
where
I(k, p) =
1
(k2 +m2)[(k + p)2 +m2]
. (3.101)
It is convenient to separate S1a into two parts, S1a = S
(1)
1a +S
(2)
1a , where iS
(1)
1a and iS
(2)
1a
are associated to the two terms in the large brackets of (3.100). Consider first iS
(1)
1a which,
after transporting D2 from one of the propagators to the other factors, becomes
iS
(1)
1a (p) =
1
4
∫
d2θ1d
2θ2
∫
d3k
(2π)3
I(k, p)
×
[
2mδ12Dα1(D
2
1 +m)Dβ1δ12A
α(−p, θ1)Aβ(p, θ2)
+ 2δ12D
2
1
(
Dα1(D
2
1 +m)Dβ1δ12A
α(−p, θ1)
)
Aβ(p, θ2)
]
. (3.102)
Now we employ the identity {Dα1, D21} = 0 which leads to
iS
(1)
1a (p) =
1
4
∫
d2θ1d
2θ2
∫
d3k
(2π)3
I(k, p) (3.103)
×
[
2δ12(k
2 +m2)Dα1Dβ1δ12A
α(−p, θ1)Aβ(p, θ2)
+ 2δ12(−D21 +m)Dα1Dβ1δ12(D2Aα(−p, θ1))Aβ(p, θ2)
]
.
The use of the relationship (3.13) now provides
iS
(1)
1a (p) =
1
2
∫
d2θ1d
2θ2
∫
d3k
(2π)3
I(k, p)
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×
[
δ12(k
2 +m2)(kαβ − CαβD2)δ12Aα(−p, θ1)Aβ(p, θ2)
+ δ12(−D2 +m)(kαβ − CαβD2)δ12(D2Aα(−p, θ1))Aβ(p, θ2)
]
. (3.104)
The only terms giving non-zero contributions are those containing just one D2 since
δ12D
2δ12 = δ12. Indeed, by employing this identity and after integrating over θ2 with the
help of the delta function, we obtain
iS
(1)
1a (p) = −
1
2
∫
d2θ
∫ d3k
(2π)3
I(k, p) (3.105)
×
[
(k2 +m2)CαβA
α(−p, θ)Aβ(p, θ) + (kαβ +mCαβ)(D2Aα(−p, θ))Aβ(p, θ)
]
.
The second term of (3.100) is
iS
(2)
1a (p) =
1
4
∫
d2θ1d
2θ2
∫
d3k
(2π)3
I(k, p)
×
[
(D21 +m)δ12(D
2
1 +m)Dβ1δ12(D
αAα)(−p, θ1)Aβ(p, θ2)
]
. (3.106)
In this expression we must keep only the term proportional to D21δ12(D
2
1 +m)Dβ1δ12 (the
remaining part is a trace of an odd number of derivatives and therefore vanishes). Thus,
after manipulations similar to those done for S
(1)
1a , we find
iS
(2)
1a (p) = −
1
4
∫
d2θ
∫ d3k
(2π)3
I(k, p)
[
DγDαAα(−p, θ)(kγβ +mCγβ)Aβ(p, θ)
]
. (3.107)
By adding (3.105) and (3.107) we can write the total contribution from Fig. 1a as
iS1a(p) = −1
2
∫
d2θ
∫
d3k
(2π)3
I(k, p)
×
[
(k2 +m2)CαβA
α(−p, θ)Aβ(p, θ) + (kαβ +mCαβ)(D2Aα(−p, θ))Aβ(p, θ)
+
1
2
DγDαAα(−p, θ)(kγβ +mCγβ)Aβ(p, θ)
]
. (3.108)
The algebraic manipulations for the graph Fig.1b are much more simpler and yield
iS1b(p) =
1
2
∫
d3k
(2π)3
1
(k + p)2 +m2
CαβA
α(−p, θ)Aβ(p, θ). (3.109)
The complete two point vertex function for the Aα field is the sum of (3.108) and
(3.109) and therefore reads
iS1(p) = −1
2
∫
d2θ
∫
d3k
(2π)3
1
(k2 +m2)[(k + p)2 +m2]
(kγβ +mCγβ)
×
[
(D2Aγ(−p, θ))Aβ(p, θ) + 1
2
DγDαAα(−p, θ)Aβ(p, θ)
]
. (3.110)
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One can observe that the linear divergences presented in S1a and S1b were cancelled
in the above result, and the logarithmic ones vanish by symmetry reasons, therefore this
contribution is finite. However, this finiteness is based on the gauge symmetry rather
than on the supersymmetry. Indeed, after integration over the internal momentum we
find that this expression is proportional to the gauge-invariant expression
iS1(p) =
∫
d2θf(p)(W α(−p)Wα(p) + 2mW α(p)Aα(p)), (3.111)
where
f(p) =
∫
d3k
(2π)3
1
(k2 +m2)[(k + p)2 +m2]
.
This expression, at p→ 0 (notice that f(p)|p→0 = 18π|m|), reproduces the expression for the
quadratic Maxwell-Chern-Simons action. As a result, even if we consider the spinor Aα
superfield as a purely external one, it acquires a nontrivial dynamics due to the one-loop
correction. This is a key effect which also takes place for the supersymmetric CPN−1
model explicitly studied in [41] in the commutative case, and in [14] in the noncommu-
tative one. We note that the only difference of the noncommutative case consists in the
modification of the factor f(p), see (3.157).
3.5 Effective action of the three-dimensional super-
field theories and the proper-time method
In this section we develop a prescription for calculating the superfield effective action
within the three-dimensional superfield formalism. Our description of this approach is
based on the method proposed in [42].
We start with the following three-dimensional superfield theory which is described by
a general scalar superfield action (see f.e. [22]):
S[Φ] =
∫
d5z
[
1
2
ΦD2Φ− V (Φ)
]
, (3.112)
where Φ is a scalar superfield. We will use again the loop expansion methodology. To do
it, we make a shift in the field Φ,
Φ→ Φ +
√
h¯ φ, (3.113)
where Φ is now a background (super)field, and φ is a quantum one, which is contracted
into propagators. As a result, the classical action (3.112) takes the form
S[Φ, φ] = S[Φ] +
∫
d5z
(
h¯
1
2
φ[D2 − V ′′(Φ)]φ − h¯3/2 1
3!
V ′′′(Φ)φ3 − h¯2 1
4!
V (IV )(Φ)φ4
)
+ . . . , (3.114)
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where dots are for terms which are irrelevant in the two-loop approximation. Following
the definitions given in the Chapter 2, we can find that the corresponding effective action
Γ[Φ] is defined by the expression
exp
(
i
h¯
Γ[Φ]
)
=
∫
Dφ exp
(
i
h¯
S[Φ, φ]
)
. (3.115)
The general structure of the effective action can be cast in a form of the derivative ex-
pansion:
Γ[Φ] =
∫
d5z K(Φ) +
∫
d5z F (DαΦ, D
2Φ;Φ) + . . . , (3.116)
where the K(Φ) is the term which we call the Ka¨hlerian effective potential by analogy
with four-dimensional studies (see the next chapter), depending only on the superfield
Φ but not on its derivatives, and F is called auxiliary fields effective potential whose
key property is its vanishing in the case when all derivatives of the superfields are equal
to zero (these definitions have been firstly introduced in [25] for the four-dimensional
superfield theories), and dots are for terms involving space-time derivatives of superfields.
It is easy to see that F is at least of the second order in the auxiliary field of the scalar
supermultiplet. It can be explicitly written as
F (DαΦ, D
2Φ;Φ) = F2.1(Φ)D
2Φ + F2.2(Φ)D
αΦDαΦ+ . . . , (3.117)
where the F2.1(Φ) and F2.2(Φ) are functions of Φ only but not of its derivatives, and the
dots correspond to terms with four or more supercovariant derivatives. It is clear that
this approach does not require to impose the condition DαΦ = 0 which is known to imply
in strong difficulties in the interpretation of the results (see f.e. [43]).
We will work with a loop expansion for the effective action Γ,
Γ[Φ] = S[Φ] + h¯Γ(1)[Φ] + h¯2Γ(2)[Φ] + . . . , (3.118)
for the Ka¨hlerian potential K,
K(Φ) = −V (Φ) +
∞∑
L=1
h¯LKL(Φ), (3.119)
and similarly for F .
We start by considering the one-loop effective action in the form
Γ(1) =
i
2
Tr ln[D2 − V ′′(Φ)]. (3.120)
As a first approximation, let us consider the Ka¨hlerian effective action. From a formal
viewpoint this corresponds to disregarding all terms depending on derivatives of Φ (both
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common and spinor ones), and allows us to calculate the quantum corrections to V (Φ).
In this case, we add a constant equal to i
2
Tr ln(D2) and write
Γ(1) =
i
2
Tr ln[✷− V ′′(Φ)D2]. (3.121)
This expression can be represented via the Schwinger proper-time representation [44, 45]:
Γ(1) =
i
2
Tr
∫ ∞
0
ds
s
eis[✷−V
′′(Φ)D2]
=
i
2
∫
d5z
∫ ∞
0
ds
s
eis[✷−V
′′(Φ)D2]δ5(z − z′)|z=z′ . (3.122)
Again, since we are calculating only the Ka¨hlerian part of the effective action, we have
Γ(1) =
i
2
Tr
∫
d5z
∫ ∞
0
ds
s
e−isV
′′(Φ)D2eis✷δ5(z − z′)|z=z′ , (3.123)
or, using that (D2)2 = ✷,
e−isV
′′(Φ)D2 =
∞∑
n=0
[−isV ′′(Φ)]2n+1
(2n+ 1)!
✷
nD2 + . . . . (3.124)
Here the dots stand for terms which do not contribute to the integral. At this point, we
can clearly emphasize the difference between the calculation of Γ(1) in four- and three-
dimensional space-times. In four dimensions [31, 7], Γ(1) is given by an expression similar
to Eq. (3.123), but there are more independent structures involving supercovariant deriva-
tives and chiral and antichiral background superfields. The calculation of the exponential
similar to Eq. (3.124) involves the solving of a coupled set of differential equations, whose
solutions can be found but are of rather cumbersome form. In three dimensions the num-
ber of independent structures is much smaller, actually only terms involving a D2 will be
relevant to the calculation of the Ka¨hlerian effective action. We will shortly show that
these terms can be directly summed, thus providing a closed-form expression for Γ(1).
Let us now consider a function U(x, x′; s) = eis✷δ3(x− x′). Its key property is that
i
∂U
∂s
= −✷U, (3.125)
which allows us to obtain
✷
nU(x, x′; s)|x=x′ ≡ ✷neis✷δ3(x− x′)|x=x′ =
√
i
8π3/2
(
−i d
ds
)n
1
s3/2
=
=
in+1/2
8π3/2
(2n+ 1)!!
2ns3/2+n
. (3.126)
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From Eq. (3.124), after calculating the trace using that D2δ2(θ−θ′)|z=z′ = 1 and (2n+1)!!(2n+1)! =
1
(2n)!!
= 1
2nn!
, we obtain
Γ(1) =
i
16π3/2
∫
d5z
∫ ∞
0
ds
s
∞∑
n=0
[
−i√i V ′′(Φ)
]2n+1
4nn!
sn−1/2. (3.127)
By performing the summation, we end up with
Γ(1) = − i
√
i
16π3/2
∫
d5zV ′′(Φ)
∫ ∞
0
ds
s3/2
e−is[
(V ′′(Φ))2
4
]. (3.128)
After an appropriate analytic continuation, we find that (3.128) is proportional to a
gamma function, and finally arrive at
Γ(1) =
1
16π
∫
d5z [V ′′(Φ)]2 . (3.129)
This is our final expression for the one-loop Ka¨hlerian effective action. It is positively
defined, as it should be in a supersymmetric theory. We note its finiteness, and we can
also observe that this expression holds also in the noncommutative case. Indeed, since the
background superfield is constant in the space-time, the Moyal product of these super-
fields reduces to the usual one (in the higher loops, this is not so – the noncommutative
deformation of the two-loop effective potential is discussed in [42]). It is interesting to
note that this result, up to a constant multiplier, can be obtained without calculations.
Indeed, it follows already from (3.120) that the one-loop effective potential is a function
of V ′′(Φ) only. Since our result is naturally finite (in three-dimensional theories the one-
loop results diverge only for exotic effective dynamics), it cannot depend on any arbitrary
parameter like the cutoff scale µ. Therefore, by dimensional reasons, the only form of the
effective potential is a [V ′′(Φ)]2, where a is a some number.
We note that in principle one could elaborate the expression (3.120), for the constant
background, by a much more straightforward way. Indeed, if one denotes −V ′′ = Ψ, the
one-loop effective action becomes Γ(1) = i
2
Tr ln[D2 +Ψ], which is a function of Ψ. Then,
one can consider
dΓ(1)
dΨ
=
i
2
Tr
1
D2 +Ψ
, (3.130)
which, after finding the inverse operator together with the Fourier transform, becomes
dΓ(1)
dΨ
= − i
2
∫
d5z
∫
d3k
(2π)3
D2 −Ψ
k2 +Ψ2
δ5(z − z′)|z=z′. (3.131)
The D-algebra is trivial, and after Wick rotation we have
dΓ(1)
dΨ
= −1
2
∫
d5z
∫
d3k
(2π)3
1
k2 +Ψ2
=
∫
d5z
|Ψ|
8π
, (3.132)
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Integrating this equation with respect to Ψ, we arrive at the expression (3.129) obtained
above. Nevertheless, we remind that the proper-time method we formulated can be ap-
plied for a wide class of superfield theory models, and its significance is not exhausted
by scalar superfield theory considered here, further in this section we discuss the case of
contributions depending on derivatives of background superfields.
Now, let us go to two loops. Applying the expansion given in Eqs. (3.114–3.118), we
can find that the expression for the two-loop effective action Γ(2) looks like,
Γ(2) = −i
∫
Dφ exp
(
i
2
φ[D2 − V ′′(Φ)]φ
) [
1
2
(
1
3!
V ′′′(Φ)φ3
)2
− 1
4!
V (IV )(Φ)φ4
]
. (3.133)
The two-loop contributions are given by two supergraphs,
✫✪
✬✩
(a)
✣✢
✤✜
✣✢
✤✜
(b)
Since we are interested in calculating the two-loop contribution to the Ka¨hlerian ef-
fective action, we can effectively assume that DαΦ = 0, so that the background field
dependent mass Ψ = −V ′′(Φ) is independent of θ, thus the simple propagator
< φ(z1)φ(z2) >= −iD
2 −Ψ
✷−Ψ2 δ
5(z1 − z2), (3.134)
can be used. We also remind that the background superfield is constant.
Thus, the contributions from diagram (a) and (b) respectively, after trivial D-algebra
transformations, look like
Γ(2)a = −
1
4
∫
d5z [V ′′′(Φ)]2Ψ
∫
d3kd3l
(2π)6
1
(k2 +Ψ2)(l2 +Ψ2)[(k + l)2 +Ψ2]
, (3.135)
and
Γ
(2)
b = −
1
4
∫
d5z V (IV )(Φ)
∫
d3kd3l
(2π)6
1
(k2 +Ψ2)(l2 +Ψ2)
. (3.136)
After integration, these expressions look like
Γ(2)a =
1
128π2
∫
d5z [V ′′′(Φ)]2Ψ
[
1
ǫ
+ ln
Ψ2
µ2
]
. (3.137)
and
Γ
(2)
b = −
1
32π2
∫
d5z V (IV )(Φ)Ψ2. (3.138)
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We can add the corresponding counterterm to cancel the divergence.
Up to now, we have considered only the Ka¨hlerian effective action. Let us describe
the general procedure to obtain the one-loop effective potential taking into account the
supercovariant derivatives of the background superfield. As we have already noticed, the
one-loop effective action (3.121), up to the irrelevant additive constant, reads
Γ(1) =
i
2
Tr ln(D2 +Ψ). (3.139)
Using the Schwinger representation, we can write this effective action as
Γ(1) =
i
2
∫
d5z
∫
ds
s
eis(D
2+Ψ)δ5(z − z′)|z=z′. (3.140)
We then introduce the operator
Ω(s) = eis(D
2+Ψ) , (3.141)
which can be expanded in a power series in the supercovariant derivatives as
Ω(s) = 1 + c0(s) + c
α
1 (s)Dα + c2(s)D
2 . (3.142)
We note that higher degrees of the spinor derivatives can be reduced to the structures
which are already present in Eq. (3.142) by using the rules DαDβ = i∂αβ − CαβD2,
(D2)2 = ✷ and DαD
2 = −i∂αβDβ. The coefficient functions c0, c1, c2 depend analytically
on s, the superfield Ψ and its supercovariant derivatives, and the space-time derivatives
∂αβ , which act on the delta function appearing in Eq. (3.140).
The operator Ω(s) satisfies the differential equation
1
i
dΩ
ds
= Ω(D2 +Ψ) . (3.143)
Substituting here the explicit form for Ω(s) in Eq. (3.141), we obtain a coupled set of
differential equations for the coefficient functions c0, c1, c2,
1
i
dc0
ds
= c0Ψ+ c2(✷+D
2Ψ) + cα1 (DαΨ) + Ψ,
1
i
dcα1
ds
= −ic1γ∂γα + cα1Ψ+ c2DαΨ,
1
i
dc2
ds
= c0 + c2Ψ+ 1. (3.144)
As Ω(s = 0) = 1, the initial conditions are c0(0) = c
α
1 (0) = c2(0) = 0. Since this
is a linear inhomogeneous system of differential equations, the solution is of the form
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ci(s) = bie
iωs + di, where bi and di are some s-independent coefficients. Substituting this
ansatz into the equations (3.144), one finds for the solution of the homogeneous equation,
(ω −Ψ)b0 = b2(✷+D2Ψ) + bα1 (DαΨ),
(ω −Ψ)bα1 = −ib1β∂βα + b2DαΨ,
(ω −Ψ)b2 = b0, (3.145)
and for the particular solution of the inhomogeneous one,
d0Ψ+ d2(✷+D
2Ψ) + dα1 (DαΨ) + Ψ = 0,
−id1γ∂γα + dα1Ψ+ d2DαΨ = 0,
d0 + d2Ψ+ 1 = 0. (3.146)
The system (3.145), after some simplifications, implies in the following equation:
b1γ
[(
ω −Ψ+ 1
2
DβΨDβΨ
(ω −Ψ)2 − ✷− (D2Ψ)
)
Cαγ − i∂αγ
]
= 0. (3.147)
Since b1γ 6= 0 (otherwise the solution is trivial), the ω’s can be found requiring the 2 × 2
matrix ∆γα defined as
∆γα =
(
ω −Ψ+ 1
2
DβΨDβΨ
(ω −Ψ)2 − ✷− (D2Ψ)
)
Cαγ − i∂αγ (3.148)
to have zero determinant. This condition is solvable in principle, but its finding is tech-
nically difficult, and we do not carry out the solution. The corresponding results would
be extremely complicated.
Let us also briefly discuss the calculation of the one-loop effective potential via the
more traditional method, that is, via summation of the supergraphs. In the simplest case
of the purely scalar superfield theory, we can start with the expression (3.120) and expand
it in the power series in the background field Ψ = −V ′′(Φ):
Γ(1) =
i
2
Tr ln[D2 +Ψ] =
i
2
Tr ln(D2) +
i
2
Tr ln[1 + ΨD2✷−1] =
=
i
2
Tr ln(D2) +
i
2
Tr
∞∑
n=1
(−1)n+1
n
[Ψ
D2
✷
]n, (3.149)
where we can evaluate the trace and calculate the sum, arriving at the same result (3.129).
However, in the case of the scalar superfield coupled to the gauge one the situation is much
more complicated. Let us consider for example the scalar QED whose action is
Sm =
∫
d5z
[
1
2
(DαΦ + iΦAα)(DαΦ¯− iAαΦ¯) + 1
2g2
W αWα
]
. (3.150)
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First of all, one can find that the triple gauge-matter vertices in the one-loop order
diagrams arise within the following fragments of the corresponding diagrams:
| |
Dα D
βDα + ξDαDβ
α β
Here the factor DβDα + ξDαDβ originates from the propagator (there is no essential
difference between the QED and Chern-Simons theories in this aspect since this factor
commutes with D2). The indices α and β are the indices of gauge fields contracted
into this propagator. We see that if we move the derivative Dα, originated from the
interaction vertex, to the propagator of the gauge fields proportional to DβDα+ ξDαDβ,
we will annihilate its gauge-independent part, and the gauge-dependent part vanishes at
ξ = 0. Thus, we impose the gauge ξ = 0 (an analogue of the Landau gauge [22]) to
simplify radically the calculations, i.e. to remove from considerations all diagrams with
”improper” vertices (ΦAαDαφ¯ − Φ¯AαDαφ), where the external field is denoted via the
capital letter, that is, triple ones contributing only to the quadratic part (we will refer
to the vertices as to the ”proper” one if it contains three and more quantum fields since
such a vertex cannot be absorbed into redefinition of the propagator in the framework of
the background field approach, otherwise, if the vertex involves only two quantum fields,
it is qualified as an ”improper” one). As a result, all triple vertices are ruled out (the
similar situation occurs in Landau gauge also in other three-dimensional gauge theories
with a scalar matter), and hence all vertices in the one-loop diagrams are quartic ones, and
the one-loop diagrams composed only of the gauge propagators. However, in the QED,
the gauge propagator (3.84) involves four derivatives, hence one-loop diagrams with n
propagators will contain 4n spinor derivatives, and the expression involving 4n spinor
derivatives turns out to be proportional to (D2D2)n whose trace is evidently equal to
zero. Therefore, we have just proved that the one-loop Ka¨hlerian effective potential in
the scalar QED vanishes in the Landau gauge.
In this subsection, we developed a superfield method for calculation of the effective
potential in three-dimensional supersymmetric field theories. We succeeded to obtain
explicit expressions for the Ka¨hlerian effective potential (which depends on superfield Φ
but not on its derivatives) up to two loops. In principle, our approach can be directly
generalized for higher loops. We have also shown the approach for the much more difficult
calculation of the non-Ka¨hlerian contributions to the effective action and the effective
potential. The generalization for the noncommutative case is straightforward (it is clear
that at the one-loop order, the result for the effective potential in commutative and
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noncommutative cases is the same, the difference begins with the two-loop order, see [42]
for the examples).
3.6 Supersymmetry in three-dimensional space-time
and noncommutativity
The concept of the space-time noncommutativity has attracted a great attention recently.
One of the principal motivations for it is the hope that introducing the noncommutative
coordinates obeying the relation [47]
[xµ, xν ] = iΘµν , (3.151)
where Θµν is a constant matrix, can essentially improve the renormalization properties
of the field theories. The most adequate formulation [48] allowing to implement these
relations within the framework of the quantum field theory is based on the replacement
of the usual product of the fields by their Moyal product defined as
φ1(x) ∗ . . . φn(x) =
=
n∏
l=1
∫
ddki
(2π)d
(2π)dei(k1+...+kn)xφ˜1(k1) . . . φ˜n(kn) exp(i
∑
i<j≤n
ki ∧ kj), (3.152)
where ki ∧ kj = Θµνkiµkjν.
However, it turns to be that the famous UV/IR mixing effect [28] implies in the
partial conversion of the ultraviolet divergences to the infrared singularities. Indeed, if
one considers the three-dimensional (nonsupersymmetric) noncommutative φ4 model, the
following simplest contribution to the two-point function of the φ field will arise
The contribution of this graph in d space-time dimensions is (see f.e. [49, 50])
S2(p) =
λ
6
∫ ddk
(2π)d
2 + cos(2k ∧ p)
k2 +m2
φ(−p)φ(p) = −λ
3
[
Γ(1− d/2)
(4π)d/2(m2)1−d/2
+
+
1
2(2π)d/2
(m2)d/2−1
Kd/2−1(
√
m2p˜2)
(
√
m2p˜2)d/2−1
], (3.153)
where p˜m = Θmnpn. We see that the first term of this expression is similar to the common
UV divergent term different from the commutative case only by the overall numerical
3.6. NONCOMMUTATIVITY 41
coefficient (this difference, from a formal viewpoint, can be explained by the fact that,
when the noncommutativity is introduced, some of the contractions of the fields continue
to be planar ones, i.e. do not acquire the phase factor), while the second one is singular,
and, since K|n|(x)|x→0 ∝ 1xn , we arrive at the infrared singularity of the order d− 2 in the
external momentum pm, in particular, at d = 3 we obtain the linear singularity, and at
d = 4 – the quadratic one. A remarkable fact that this singularity presents in the massive
case as well as in the massless one where the typical momentum integral looks like
∫
ddk
(2π)d
cos(2k ∧ p)
k2
=
Γ(d/2− 1)
(4π)d/2(p˜2)d/2−1
, (3.154)
which displays the same infrared singularities.
The natural hope to solve this problem was related with the well-known fact that the
supersymmetry improves the renormalization behaviour of the field theories eliminating
some ultraviolet divergences [13]. Therefore, it is natural to expect that the situation with
the infrared singularities can also be cured, at least partially. Moreover, since the com-
mutation relation (3.151) affects only the bosonic coordinates, it is natural to expect that
introducing the Moyal product into superfield theories will not affect the supersymme-
try algebra, therefore the noncommutative extension of the supersymmetric field theories
formulated in the superfield language will be straightforward! This idea was originally
proposed in [27] for the four-dimensional Wess-Zumino model, however, it is clear that this
idea can be straightforwardly applied also to the three-dimensional superspace. The first
consistent three-dimensional example of the noncommutative supersymmetric field theory
is the nonlinear supersymmetric sigma model studied within the component approach in
[51]. It was shown in that paper that while both the O(N) noncommutative nonlinear
sigma model and the noncommutative O(N) Gross-Neveu model within the 1
N
expansion
display the nonintegrable (linear) infrared singularities, the supersymmetric noncommu-
tative nonlinear sigma model formulated within the component approach involving both
these models as ingredients displays the explicit cancellation of such singularities involving
only harmless logarithmic infrared divergences.
As a first example, let us study the scalar field coupled to the external gauge field.
The action, for the adjoint form of the coupling, is (see f.e. [41])
S =
∫
d5z
[1
2
(Dαφ¯− ig[φ¯, Aα]) ∗ (Dαφ− ig[Aα, φ]) +m2φφ¯
]
, (3.155)
which is a straightforward analogue of the theory (3.63), but with the algebraic commuta-
tors replaced by the Moyal ones. Due to the Moyal commutators, the vertices will acquire
the phase factors looking like
V3 = g sin(k2 ∧ k3)Aα(k1)(φ(k2)Dαφ¯(k3)−Dαφ(k2)φ¯(k3));
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V4 = 2g
2 sin(k1 ∧ k2) sin(k3 ∧ k4)φ(k1)Aα(k2)Aα(k3)φ¯(k4). (3.156)
The corresponding supergraphs are just those ones depicted at Fig. 1. The only modifi-
cation of our calculations with respect to those ones carried out in section 3.4 will consist
in arising the additional factor 4 sin2(k ∧ p) in all contributions, as a result, the final
expression for the two-point function of the gauge field will look like
iS3(p) = −2
∫
d2θ
∫
d3k
(2π)3
sin2(k ∧ p)
(k2 +m2)[(k + p)2 +m2]
(3.157)
× (kγβ +mCγβ)
[
(D2Aγ(−p, θ))Aβ(p, θ) + 1
2
DγDαAα(−p, θ)Aβ(p, θ)
]
.
This expression can be shown to imply in the action similar to the Maxwell-Chern-Simons
form [14], whose explicit form is
iS3(p) =
∫
d2θf(p)(W α(−p)Wα(p) + 2mW α(p)Aα(p)), (3.158)
where
f(p) =
∫
d3k
(2π)3
sin2(k ∧ p)
(k2 +m2)[(k + p)2 +m2]
.
This expression, in the case of the noncommutative supersymmetric CPN−1 model [14],
implies in the nontrivial effective dynamics for the originally purely external Aα field.
Indeed, if we consider, instead of one scalar superfield φ, a set of N scalar superfields φi,
after adding an appropriate gauge-fixing term, we find the following effective propagator
for the Aα field:
< Aα(−p, θ1)Aβ(p, θ2) >= 4πi
Nf(p)
[
(D2 − 2m)DβDα
p2(p2 + 4m2)
+ ξ
D2DαDβ
p4
]
δ12. (3.159)
This propagator decreases as 1
p
, at large momenta since f(p) ≃ π√
p2
in this limit. This
implies that the CPN−1 theory is not finite but only renormalizable, in the lower order
of 1
N
expansion (and, probably, also in higher orders). The similar asymptotics of the
effective propagator of the auxiliary Σ field takes place in the supersymmetric nonlinear
noncommutative sigma model [46] which is, however, renormalizable in all orders.
However, we should note that the cancellation of the linear singularity arising from
these graphs (as well as from the graphs in the noncommutative supersymmetric QED,
Chern-Simons and Maxwell Chern-Simons theories which will be considered below) oc-
curs here due to the gauge symmetry rather that the supersymmetry. Moreover, the
logarithmic divergences also vanish (however, we should note that, due to peculiarities of
the odd-dimensional space, the one-loop logarithmic divergences can arise only in theories
with highly unusual effective dynamics like the noncommutative sigma model [46] where
one of the propagators is proportional to 1√
k2
).
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Further, the renormalizability of the three-dimensional supersymmetric noncommu-
tative gauge theories was studied in great details [14]. Let us give a brief review on
renormalizability of these theories. First, let us write down the following contributions to
the two-point function of the gauge superfield.
a b c
These diagrams are applicable to the noncommutative supersymmetric QED as well as
to the noncommutative supersymmetric Chern-Simons or Maxwell-Chern-Simons theories
[14] whose actions can be obtained from the actions (3.76) for the NC QED and (3.78)
for the NC CS theories (and their sum for the NC Maxwell-Chern-Simons theory) in
the section 3.4 by replacement of the algebraic products and commutators by the Moyal
ones. The same operations must be carried out in the ghost action (3.79). Using the
expressions for the superficial degree of divergence (3.95) and (3.96), one can show that
there is no other linearly divergent graphs in the one-loop approximation (and, by the
symmetry reasons, there is no one-loop logarithmic UV divergences as it should be in
usual odd-dimensional field theories).
One can find that the leading, linearly divergent parts of these contributions, for all
these theories, look like
Sa(p) =
ξ
2
∫
d2θAα(−p)Aα(p)
∫
d3k
(2π)3
sin2(k ∧ p)
k2
;
Sb(p) =
1
2
(1− ξ)
∫
d2θAα(−p)Aα(p)
∫ d3k
(2π)3
sin2(k ∧ p)
k2
;
Sc(p) = −1
2
∫
d2θAα(−p)Aα(p)
∫
d3k
(2π)3
sin2(k ∧ p)
k2
. (3.160)
Sum of these contributions is equal to zero, hence the two-point function of the gauge
superfield is one-loop finite and free of the UV/IR singularities (as for the possibility
for logarithmic UV/IR singularities, all one-loop potentially logarithmically divergent
contributions are proportional to p˜
m√
p˜2
, which is not a logarithmic divergence but a mild
removable singularity which does not blow up, thus, these theories are one-loop finite,
and NC supersymmetric QED and Maxwell-Chern-Simons theories are finite in three and
higher loops explicitly as follows from their superficial degree of divergence, as we noted
above).
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3.7 On the noncommutativity in the fermionic sector
of the superspace
One of the possible extension of the noncommutativity concept is the deformation of the
supersymmetry algebra carried out in the following way [54].
Let us suppose that the spinor coordinates of the superspace, instead of the Grassmann
algebra, form the Clifford algebra, thus obeying the following anticommutation relations:
{θα, θβ} = Σαβ . (3.161)
It is clear that, to maintain the key relation of the supersymmetry algebra, that is,
(3.9), we should deform the supersymmetry generators, which will imply in a need to
deform the spinor supercovariant derivatives via introducing second-derivative terms into
them, therefore the Leibnitz rule will not be satisfied. Therefore, we must try to extend
the supersymmetry (indeed, in the four-dimensional case the similar deformation of the
superspace had implied in a partial breaking of the supersymmetry [29]).
In the first way, we introduce an additional set of the supersymmetry generators thus
considering the extended, N = 2 supersymmetry, with the generators are
Qiα = i∂
i
α + θ
iβ∂βα, (3.162)
with i = 1, 2 is a number of the set of spinor coordinates (and, hence – of the supersymme-
try generators). Then, we suppose that only in one of the sets of the spinor coordinates,
say i = 2, the anticommutation relations are deformed in a manner (3.161) while for i = 1
they persist to be the same. Thus, only the unbroken generators Q1α satisfy the usual anti-
commutation relation {Q1α, Q1β} = 2i∂αβ . The supercovariant derivatives anticommuting
with them are
Diα = ∂
i
α + iθ
iβ∂βα, (3.163)
with the only deformed anticommutation relation
{D2α, D2β} = 2i∂αβ − Σγδ∂αγ∂βδ, (3.164)
while all other anticommutation relations between the supercovariant derivatives persist
to be the same.
The Moyal product compatible with this definition of the supersymmetry is defined
as
Φ1(z) ∗ Φ2(z) = exp(−1
2
ΣαβD2α1D
2
β2)Φ1(z1)Φ2(z2)|z1=z2=z. (3.165)
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It is easy to see that in this case already the quadratic action will suffer noncommutative
deformation which is a highly unusual situation (one should remind that for the usual
bosonic Moyal product (3.152), the quadratic action does not suffer any deformation, with
the interaction vertices are deformed).
In the second way, we propose the following generators:
Q1α = i∂
1
α + θ
2β∂βα,
Q2α = i∂
2
α + θ
1β∂βα. (3.166)
Then, we again impose the nontrivial anticommutation relation {θ2α, θ2β} = Σαβ . The
Moyal product is again chosen in the form (3.165). It is easy to see that in this case the
quadratic action is not deformed, and the only impact of the nontrivial anticommutation
relations will present in the vertices of interaction, just as in [29]. This approach has
received further development in the case of N = 2 supersymmetry where the resulting
SUSY algebra is rather similar to the four-dimensional N = 1 SUSY algebra [55].
3.8 Conclusion
In this chapter we gave a brief introduction to the properties of the three-dimensional
supersymmetric field theories within the superfield approach. We described the struc-
ture of the most important three-dimensional supermultiplets, that is, scalar and spinor
ones. We developed a detailed description of properties of the supercovariant derivatives
and of the superfield approach for calculation of the quantum corrections, including the
prescriptions for calculating the effective action in one-loop and higher-loop orders. The
examples we presented show that supersymmetry indeed allows to improve essentially
the renormalization properties of the field theories. Really, almost all supersymmetric
field theories formulated in three-dimensional space-time are one-loop finite except of the
exotic theories with an effective dynamics providing a nontrivial asymptotic behaviour
of the effective propagators, such as, for example, the three-dimensional nonlinear sigma
model [46] and CPN−1 model [14]. Moreover, the three-dimensional supersymmetric QED
is explicitly finite in all loop orders (it was argued in [35] and explicitly proved in [39]).
This improvement of the renormalization properties plays an important role in the
context of the noncommutative field theories. Indeed, it is well known that the noncom-
mutative theories suffer from arising of the nonintegrable infrared divergences due to the
UV/IR mixing mechanism which converts part of the ultraviolet divergences to the in-
frared singularities whose presence in general case can break the perturbative expansion
[28]. At the same time, we have shown that the supersymmetry improves convergence
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of the Feynman diagrams leaving in many case only logarithmic UV divergences which
in the noncommutative case are converted only to harmless logarithmic IR singularities
whose presence does not break perturbative expansion. This is the key result shown in the
papers [14]. At the same time, we have observed that the formalism of the supercovariant
D-algebra is applicable in the noncommutative case as well as in the commutative one,
for example, the calculations of the noncommutative analogue of the supergraphs studied
in Section 3.4, differ only by multiplying of all contributions by the common phase factor,
which is equal to 1 in the case of the coupling in the fundamental representation and
1
4
sin2(k ∧ p), where k ∧ p = kmΘmnpn, and Θmn is a noncommutativity matrix, in the
adjoint representation case (see [14] for more details).
We should note that neither the supersymmetric multiplets (scalar and spinor one)
nor the actions presented in this section are not unique possible ones. The important
example of the action for the spinor supersymmetric multiplet is the Dirac-like action
whose properties were studied in [38]. Another important example of the multiplet and
the corresponding action is the three-dimensional superfield supergravity action discussed
in [22]. However, detailed perturbative study of this theory was not yet carried out.
Let us briefly discuss the main actual lines of studies in the three-dimensional super-
symmetric theories. Presently, the main line of interest in the three-dimensional super-
symmetry is related to the extended supersymmetric Chern-Simons theories, especially,
N = 6 and N = 8 ones, which are known to be superconformal invariant and thus fi-
nite [4]. Another important line of study of these theories is based on the essentially
N = 2 supersymmetric description of such theories, whose properties are very similar to
the usual N = 1 supersymmetry in four-dimensional space-time [52]. Different aspects of
the N -extended supersymmetric Chern-Simons theories are presented in [53].
We close this chapter by mentioning of the noncommutative superspace where the an-
ticommutation relations between fermionic superspace coordinates are the Clifford ones
instead of the Grassmann ones. However, such a formulation seems to be realized only
paying a price of a partial supersymmetry breaking, i.e. to proceed with this formulation
in the three-dimensional space one should start with the N -extended supersymmetric the-
ories, with further some of the supersymmetries are broken. A first attempt of developing
such a formulation is presented in [54], however, this issue certainly requires more study.
Chapter 4
Four-dimensional superfield
supersymmetry
4.1 General properties of the four-dimensional su-
perspace
Now, after we have described in details the superfield approach for the supersymmetric
theories formulated in the three-dimensional space-time, let us go to the usual, four-
dimensional case.
The essential difference of the four-dimensional space-time from the three-dimensional
one consists in the fact that the Lorentz group SO(1, 3) characterizing the rotational
symmetry of the space-time, possesses two mutually conjugated and linearly independent
spinor representations, denoted as undotted and dotted one respectively. Each of these
representations is realized by a group of the unimodular complex matrices 2 × 2, that
is, SL(2, C), and two linear spaces on which ones these representations are acting are
the spaces of undotted and dotted spinors ψα, ψ¯α˙ respectively. It is easy to see that the
invariant tensors of these two representations are the Levi-Civita symbols ǫαβ , ǫα˙β˙. These
tensors play the role of metric tensors for spinors and will be used to form the invariant
scalar products of any spinors:
ψα = ǫαβψβ ; ψα = ψ
βǫβα;
ψ¯α˙ = ǫα˙β˙ψ
β˙ ; ψ¯α˙ = ψβ˙ǫ
β˙α˙. (4.1)
From a formal viewpoint, we can say that the Levi-Civita symbols “act from a definite
side” (these definitions have been used in the book [31] and in most part of papers and
will be used henceforth; note, however, that other definitions also can be introduced,
47
48 CHAPTER 4. FOUR-DIMENSIONAL SUPERFIELD SUPERSYMMETRY
they are used in some books, for example, in [22]). Unlike the previous section, in the
four-dimensional case we will use the definitions of squares of spinors without 1
2
factor,
ψ2 = ψαψα, which matches the conventions used in [30, 31] and many other books and
papers. It is easy to see that the indices α, α˙ can take values 1,2 only. We have ǫ12 =
ǫ12 = ǫ1˙2˙ = ǫ
1˙2˙ = 1 (we note that this definition differs from that one used in the previous
chapter where one had C12 = −C12).
As a next step, we introduce two types of the spinor (and therefore Grassmannian)
variables θα, θ¯α˙ which, together with the usual bosonic coordinates xa will be used as a
coordinates on the new extended space which will be called the superspace. The spinors
θα, θ¯α˙ are mutually conjugated which is reasonable since they are transformed under
mutually conjugated spinor representations of the Lorentz group. The conjugation is
defined as (θα)† = θ¯α˙, (θ2)† = θ¯2. In the case of arbitrary spinors ψα, χβ we can apply the
following conjugation rule: (ψαχα)
† = χ¯α˙ψ¯α˙.
Therefore we can introduce the generalized coordinates zA = (xa, θα, θ¯α˙) parametriz-
ing the superspace. In principle, it is possible to consider, instead of one set of Grassmann
coordinates (θα, θ¯α˙), several sets of such coordinates. In the case where we have N such
sets, we can speak about the N -extended supersymmetry, where the Grassmann coordi-
nates (θiα, θ¯iα˙) acquire additional index i taking values from 1 to N . In the case of N = 2,
the superfield formalism is well formulated through the methodologies of the harmonic
superspace [18, 19] and of the projective one [56]. The harmonic superspace formulation is
also known in N = 3 case [57]. However, in many cases the N -extended supersymmetric
theories can be represented in terms of N = 1 superfields, therefore we will mostly restrict
ourselves to the N = 1 supersymmetry case within this book.
The supersymmetry transformations for coordinates are
δθα = ǫα; δθ¯α˙ = ǫα˙; δx
a = −ǫσaθ¯ + ǫ¯σaθ. (4.2)
Here ǫα, ǫ¯α˙ are fermionic parameters. We use the definitions ǫσaθ¯ ≡ ǫασaαα˙θ¯α˙ and ǫ¯σ¯aθ ≡
ǫ¯α˙σ¯aα˙αθ
α. Also, we can introduce the bispinor notation for the usual space-time derivatives:
∂αα˙ = σ
a
αα˙∂a.
The superfield is defined as a generic function of the superspace coordinates. We
suggest it to have the form of a power series in spinor superspace coordinates (θα, θ¯α˙),
which allows to present it as a following expansion (cf. f.e. [30, 58]):
F (x, θ, θ¯) = A(x) + θαψα(x) + θ¯α˙ζ
α˙(x) + θ2F (x) + θ¯2G(x) + i(θ¯σaθ)Aa(x) +
+ θ¯2θαχα(x) + θ
2θ¯α˙ξ
α˙(x) + θ2θ¯2H(x). (4.3)
We note that this power series is finite due to anticommutation of Grassmann spinor
coordinates θ, θ¯ which immediately annihilates third and higher degrees in θ, θ¯. Further
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we will see that there are some restrictions on structure of superfields caused by the
form of representation of supersymmetry algebra. Here f(x), ψα(x), . . . are bosonic and
fermionic fields forming a component content of the superfield F given by the expression
above. If a theory describing dynamics of these fields is supersymmetric, its action should
be invariant under supersymmetry transformations which are defined as the symmetry
transformations with fermionic parameters.
Example. The Wess-Zumino model [30] whose action, in the simplest case, that is,
free massless theory, looks like
S =
∫
d4x(φ¯✷φ− i
2
ψ¯α˙∂α˙αψ
α + F¯F ) (4.4)
is invariant under the following transformations
δφ(x) = ǫαψα(x);
δψα(x) = ǫαF¯ (x)− ǫ¯α˙i∂αα˙φ(x);
δF (x) = ǫ¯α˙i∂
αα˙ψα, (4.5)
with the analogous transformation for the conjugated fields φ¯(x), ψ¯α˙(x), F¯ (x). Since ǫ
α,
ǫ¯α˙ are the (global) fermionic parameters, these transformations are the supersymmetry
transformations.
Now, let us suggest that the variation of an arbitrary superfield F (x, θ, θ¯) under the
supersymmetry transformations has the form similar to the usual translations, i.e.
δF (x, θ, θ¯) = (ǫαQα + ǫ¯α˙Q¯
α˙)F (x, θ, θ¯). (4.6)
Here we suppose that Qα, Q¯α˙ are generators of supersymmetry possessing anticommuta-
tion relations
{Qα, Q¯α˙} = 2iσmαα˙∂m; {Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0; [Qα, ∂m] = 0. (4.7)
The ǫα, ǫ¯α˙ are the infinitesimal parameters of the supersymmetry transformation. It is
natural to treat the variation (4.6) as a translation in the superspace which we have
already introduced (to be more precise, this is a translation of the fermionic sector of the
superspace). This form of anticommutators is the simplest one allowing for nontrivial
unification of the supersymmetry algebra with the Poincare algebra.
Translations on superspace are given by standard Poincare translations and trans-
formations (4.6) which can be called supertranslations. It is easy to see that (4.6) is a
manifestly Lorentz covariant transformation. As we already have noted, the simplest,
N = 1 superspace is parametrized by 4 bosonic coordinates xa and 4 fermionic ones θα, θ¯α˙
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so it is 8-dimensional and is denoted as R4|4. We will refer to it as to the four-dimensional
superspace. It is natural to introduce the superfields, which will be ingredients of the new
supersymmetric field theory as fields in the superspace. The task of this chapter consists
in development of the quantum theory for superfields in the four-dimensional superspace
basing on principles of the standard quantum field theory methodology.
We introduce derivatives on the superspace in a manner similar to the three-dimensional
case, that is, we use the same definition (3.1), with we choose to use henceforth f.e. the left
derivative, and the derivative with respect to θ¯α˙ is defined analogously to the derivative
with respect to θα.
Then, to introduce the integral we employ the definition
∫
dθθ = 1, or, generally,
∫
dθαθ
β = δβα.
It is a convention. Note that θ and dθ have different dimensions: the mass dimension of θ
is equal to −1
2
, and of dθ – to 1
2
, and variation δθ never should be mixed with differential
dθ since they have different dimensions. Then, an integral from a constant is zero,
∫
dθ1 = 0
this identity is caused by suggestion of the translation invariance due to which the relation∫
dθ(θ + λ) =
∫
dθθ for constant λ must be satisfied, hence λ
∫
dθ = 0. We introduce the
following scalar measures for Grassmann integration:
d2θ = −1
4
dθαdθα, d
2θ¯ = −1
4
d¯θα˙d¯θ
α˙
, d4θ = d2θd2θ¯. (4.8)
These measures satisfy the relations
∫
d2θθ2 =
∫
d2θ¯θ¯2 =
∫
d4θθ4 = 1 (4.9)
(here and further we denote θ4 ≡ θ2θ¯2).
Since ∂θ
α
∂θβ
≡ ∂αθβ = δαβ as well as
∫
dθαθ
β = δβα (similarly, ∂
α˙θ¯β˙ =
∫
dθ¯α˙θ¯β˙ = δ
α˙
β˙
)
we conclude that integration and differentiation in Grassmann space are equivalent. In
particular, we see that
∫
d4θF (x, θ, θ¯) =
1
16
∂2
∂θ2
∂2
∂θ¯2
F (x, θ, θ¯) =
1
16
F (x, θ, θ¯)|θ2θ¯2;∫
d2θG(x, θ) = −1
4
∂2
∂θ2
G(x, θ) = −1
4
G(x, θ)|θ2 . (4.10)
Here |θ2, |θ2θ¯2 denotes the corresponding component of the superfield. Of course, differen-
tiations with respect to Grassmann coordinates anticommute.
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The supersymmetry generators possess several realizations in terms of ∂
∂xm
and ∂
∂θα
, ∂
∂θ¯α˙
,
f.e.
Q¯α˙ = i(
∂
∂θ¯α˙
− iθα(σm)αα˙∂m), Qα = i( ∂
∂θα
+ iθ¯β˙(σ¯m)β˙α∂m). (4.11)
However, any possible realizations of the supersymmetry generators must satisfy relations
(4.7).
The spinor supercovariant derivatives DA also must be constructed from
∂
∂xm
and
∂
∂θα
, ∂
∂θ¯α˙
. They should anticommute with generators Qα, Q¯α˙ which provides that DAΦ is
transformed covariantly, i.e. according to (4.6):
δ(DAΦ) = (ǫQ+ ǫ¯Q¯)DAΦ.
F.e., if generators of the supersymmetry are realized in terms of (4.11) supercovariant
derivatives are realized as
D¯α˙ = −iQ¯α˙ + 2iθα∂αα˙ = ∂
∂θ¯α˙
+ iθα(σm)αα˙∂m,
Dα = −iQα − 2iθ¯α˙∂αα˙ = ∂
∂θα
− iθ¯β˙(σ¯m)β˙α∂m. (4.12)
We can also use the notation ∂αα˙ = (σ
m)αα˙∂m. The spinor supercovariant derivatives
satisfy the following anticommutation relations
{Dα, D¯α˙} = 2i∂αα˙; {Dα, Dβ} = {D¯α˙, D¯β˙} = 0. (4.13)
So we defined procedures of integration and differentiation in the superspace. Further we
will use the integral measure for the complete superspace d8z = d4xd2θd2θ¯, the integral
measure for the chiral subspace d6z = d4xd2θ and the integral measure for the antichiral
one d6z¯ = d4xd2θ¯. We also can use the identities D2θ2 = D¯2θ¯2 = −4.
Now, let us introduce the delta function. We suggest that it must satisfy the condition
analogous to that one for a standard delta function
∫
d4θ′δ4(θ − θ′)f(θ′) = f(θ). (4.14)
This identity can be satisfied if we choose
δ4(θ − θ′) = (θ − θ′)2(θ¯ − θ¯′)2. (4.15)
It is easy to see that this delta function satisfies the condition
∫
d4θδ4(θ − θ′) = 1. (4.16)
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We note the identity
δ4(θ1 − θ2)D21D¯22δ4(θ1 − θ2) = 16δ4(θ1 − θ2). (4.17)
We introduce the notation δ12 ≡ δ4(θ1 − θ2). It is easy to see that δ12δ12 = δ12Dαδ12 =
δ12D
2δ12 = δ12D¯α˙δ12 = 0.
A supermatrix is defined as a matrix M =MPQ of the form
M =

 A B
C D

 . (4.18)
determining a quadratic form zPM
P
Qz
′Q with z, z′ are coordinates on superspace. Here
A,B,C,D are even-even, even-odd, odd-even and odd-odd blocks respectively. Superde-
terminant of this matrix is introduced as
sdetM =
∫
d8z1d
8z2 exp(−z1Mz2). (4.19)
It is equal to
sdetM = detA det−1(D − CA−1B). (4.20)
And a supertrace is equal to StrM =
∑
A
(−1)ǫAMAA = trA − trD. As usual, sdetM =
exp(Str logM).
We can introduce change of variables in superspace. So, if the coordinates are changed
as
x′a = x′a(x, θ, θ¯); θ′α = θ′α(x, θ, θ¯), θ¯′α˙ = θ¯′α˙(x, θ, θ¯), (4.21)
the measure of integral over the superspace is transformed as
d4x′d4θ′ = d4xd4θ sdet(
∂z′
∂z
), (4.22)
where supermatrix (∂z
′
∂z
) is
∂z′
∂z
=


∂x′
∂x
∂x′
∂θ
∂x′
∂θ¯
∂θ′
∂x
∂θ′
∂θ
∂θ′
∂θ¯
∂θ¯′
∂x
∂θ¯′
∂θ
∂θ¯′
∂θ¯

 . (4.23)
Now, let us characterize the typical superfields in N = 1 superspace. There are two
most important their examples. The first of them is the real scalar superfield whose form
is given by (4.3), but with the condition V † = V , i.e.
V (x, θ, θ¯) = C(x) + θαχα(x) + θ¯α˙χ¯
α˙(x)− θ2M(x)− θ¯2M¯(x) + i(θ¯σaθ)Aa(x) +
+ θ¯2θαλα(x) + θ
2θ¯α˙λ¯
α˙(x) + θ2θ¯2D(x). (4.24)
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The second one is the chiral superfield. It is defined in the following way: the superfield
Φ(z) is called chiral if and only if it satisfies the condition D¯α˙Φ = 0. The choice of
supercovariant derivatives in the form D¯α˙ =
∂
∂θ¯α˙
, Dα =
∂
∂θα
− 2iθ¯β˙(σ¯m)β˙α∂m allows one to
reduce this condition to ∂α˙Φ = 0, i.e. the chiral superfield Φ turns out to be θ¯-independent.
It allows to represent it in the following form
Φ(x, θ) = φ(x) + θαψα(x)− θ2F (x). (4.25)
At the same time, one should introduce the antichiral superfield Φ¯ which is defined to sat-
isfy the ”conjugated” condition DαΦ¯ = 0. But, as the spinor supercovariant derivative Dα
in form (4.12) is NOT a straightforward analogue of the derivative D¯α˙, one CANNOT
use the analogue of the expression (4.25) for the antichiral field, whose form turns out to
be more complicated, involving additional terms beside of the straightforward analogues
of those ones in Eq. (4.25):
Φ¯(x, θ, θ¯) = φ¯(x) + θ¯α˙ψ¯
α˙(x)− θ¯2F¯ (x) + . . . , (4.26)
where dots are for the θ-dependent terms. However, one can use for the components of Φ
the definition in terms of projections:
φ(x) = Φ(z)|;
ψα(x) = DαΦ(z)|;
F (x) =
1
4
D2Φ(z))|, (4.27)
with the definitions for the components of Φ¯ can be obtained via a straightforward con-
jugation of these definitions. Here, similarly to the previous section, we suggest that
Φ(z)| ≡ Φ(z)|θ=θ¯=0, with the condition θ = θ¯ = 0 is imposed after the differentiation.
One can also define the components of the real scalar superfield in terms of projections:
C(x) = V (z)|,
χα(x) = DαV (z)|; χ¯α˙(x) = D¯α˙V (z)|;
M(x) =
1
4
D2V (z))|; M¯(x) = 1
4
D¯2V (z)|;
Aαα˙ =
i
2
[Dα, D¯α˙]V (z)|;
λα(x) = −1
4
D¯2DαV (z)|; λ¯α˙(x) = −1
4
D2D¯α˙V (z)|;
D(x) = 1
16
DαD¯2DαV (z)|. (4.28)
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To develop the functional integral approach, we also must introduce variational deriva-
tive. In common field theory it is defined as
δ
δA(x)
∫
d4yf(y)A(y) = f(x), (4.29)
if f(x) and A(x) are functionally independent. Just an analogous definition can be intro-
duced for general (non-chiral) superfield:
δ
δV (z)
∫
d8z′f(z′)V (z′) = f(z). (4.30)
Now, let us introduce the variational derivative with respect to a chiral superfield. As the
chiral superfield effectively depends only on the one set of the Grassmann coordinates,
that is, θα, the integral from a chiral function is non-trivial only if it is calculated over
chiral subspace, i.e. over d6z = d4xd2θ. Hence we must introduce variational derivative
with respect to chiral superfield Φ as
δ
δΦ(z)
∫
d6z′F (z′)Φ(z′) = F (z). (4.31)
And the variational derivative from integral over whole superspace with respect to chiral
superfield can be introduced as
δ
δΦ(z)
∫
d8z′G(z′)Φ(z′) =
δ
δΦ(z)
∫
d6z′(−1
4
D¯2)G(z′)Φ(z′) = −1
4
D¯2G(z). (4.32)
Therefore δΦ(z)
δΦ(z′)
= δ+(z− z′) where δ+(z− z′) = −14D¯2δ8(z− z′) is a chiral delta function.
It allows us to obtain useful relation
δ2
δΦ(z1)δΦ¯(z2)
∫
d8zΦΦ¯ =
1
16
D¯21D
2
2δ
8(z1 − z2) =
= (−1
4
)D2δ+(z1 − z2) = (−1
4
)D¯2δ−(z1 − z2). (4.33)
Here δ−(z1−z2) = −14D2δ8(z1−z2) is antichiral delta function. Note the relationD21δ8(z1−
z2) = D
2
2δ
8(z1 − z2).
If we consider some differential operator ∆ acting on superfields we can introduce its
functional supertrace and superdeterminant:
Str∆ =
∫
d8z1d
8z2δ
8(z1 − z2)∆δ8(z1 − z2). (4.34)
If we introduce kernel of the ∆ which has the form ∆(z1, z2) we can write
Str∆ =
∫
d8z∆(z, z). (4.35)
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Superdeterminant is introduced as
sdet∆ = exp Str(log∆). (4.36)
Further we will be generally interested in theories describing dynamics of chiral and real
scalar superfield. Note that irreducible representation of supersymmetry algebra is real-
ized namely on these superfields [30]. The most important examples of such theories are
Wess-Zumino model, general chiral superfield theory [59], super-Yang-Mills theory and
four-dimensional dilaton supergravity [60]. All of them are constructed on the base of
chiral (and antichiral) and real scalar superfields. In this chapter we consider application
of superfield approach to these models.
4.2 Field theory models in the four-dimensional su-
perspace
In this section we will introduce some typical field theory models in the four-dimensional
superspace. The key ingredients of these models are exactly the chiral and real scalar
superfields introduced above. Their component contents are given by Eqs. (4.25), (4.24)
respectively.
4.2.1 Chiral superfield models
The simplest superfield model is the Wess-Zumino model [7, 10, 30] describing the dy-
namics of the chiral superfield Φ. Its explicit form in the components, in the particular
(free massless) case is given by the expression (4.4). Now, let us write down its superfield
action. It has the form
S =
∫
d8zΦΦ¯ + [
∫
d6z(
m
2
Φ2 +
λ
3!
Φ3) + h.c.] (4.37)
First, let us briefly discuss the question of dimensions of the superfields. It is well known
that the mass dimension of the coordinate xa is −1, and hence of the spatial derivative ∂a
is 1. We have already mentioned that the dimensions of the Grassmannian coordinates
θα and the corresponding derivatives ∂α (and covariant derivatives Dα and differential
measure dθα as well) must be opposite. Taking into account the structure of the superco-
variant derivatives (4.12), we can conclude that the dimension of the derivatives ∂α, Dα
and of the integral measure dθα must be equal to 1/2, and of the Grassmannian coordi-
nate θα itself must be equal to −1/2 (the dimensions of the conjugated coordinates θ¯α˙
and the corresponding derivatives ∂α˙, D¯α˙ are respectively the same). All this allows us to
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conclude that the dimension of the superfield Φ is equal to 1, hence the coupling constant
λ is dimensionless. Applying the usual argumentation of the quantum field theory, we
can conclude that the Wess-Zumino model is renormalizable.
Second, let us obtain the component structure of the whole Wess-Zumino action. As
we have already mentioned, the component structure of the first term of (4.37), that is,∫
d8zΦΦ¯, is given by (4.4). The component structure of the term corresponding to the
integral over chiral subspace can be easily obtained:
∫
d6z(
m
2
Φ2 +
λ
3!
Φ3) = (−1
4
)
∫
d4x(
m
2
D2Φ2 +
λ
3!
D2Φ3)|, (4.38)
then we employ the expressions (4.27) and find
∫
d6z(
m
2
Φ2 +
λ
3!
Φ3) =
∫
d4x[−1
4
(m+ λφ)ψαψα − F (mφ+ λ
2
φ2)]. (4.39)
This allows us to write down the complete Wess-Zumino action in components:
S =
∫
d4x
[
φ¯✷φ − i
2
ψ¯α˙∂α˙αψ
α + F¯F −
− (1
4
(m+ λφ)ψαψα + F (mφ+
λ
2
φ2) + h.c.)
]
. (4.40)
One can see that the field F has no dynamics even after adding the interaction term,
therefore it is called the auxiliary field. Elimination the field F with use of its equation
of motion
F − (mφ¯ + λ
2
φ¯2) = 0 (4.41)
implies in the theory with φ4 interaction, this is the reason why the Wess-Zumino model
is treated as a supersymmetric extension of the φ4 theory.
It is instructive to calculate the numbers of degrees of freedom in the Wess-Zumino
model. It follows from (4.40) that in this model there are four bosonic degrees of free-
dom (which correspond to two complex scalar fields) and four fermionic ones (which
corresponds to two components of the complex spinor ψα). In a generic case, in any
supersymmetric theory numbers of bosonic and fermionic degrees of freedom are equal.
We note that the Wess-Zumino model is not an unique theory describing the quantum
dynamics of the chiral superfield. Other important examples are the higher-derivative
chiral superfield theories (in particular, dilaton supergravity) and general chiral superfield
theories. The examples of actions of these theories in superfield form are respectively
S =
∫
d8zΦ¯(✷+M2)Φ + (
∫
d6zW (Φ) + h.c.) (4.42)
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and
S =
∫
d8zK(Φ, Φ¯) + (
∫
d6zW (Φ) + h.c.). (4.43)
Here W (Φ) is a holomorphic function of the chiral superfield (or of the set of chiral super-
fields) but not on its derivatives, and K(Φ, Φ¯) is a real function of chiral and antichiral
superfields. The component forms of these theories can be obtained in the same way as
above, for example, the component expression for the higher-derivative chiral superfield
action [1, 60] looks like
S =
∫
d4x
[
φ¯✷(✷+M2)φ− i
2
ψ¯α˙∂α˙α(✷+M
2)ψα + F¯ (✷+M2)F −
− 1
4
(4WφF +Wφφψ
αψα + h.c.)
]
. (4.44)
and for the general chiral superfield model [59] –
S =
∫
d4x
[
−Kφφ¯(∂aφ∂aφ¯− F¯F −
i
2
ψ¯α˙∂α˙αψ
α)−
− 1
4
(Kφφφ¯(Fψ
αψα + i∂aφψ¯
α˙∂α˙αψ
α) + h.c.) +
1
16
Kφφφ¯φ¯ψ
αψαψ¯α˙ψ¯
α˙ −
− 1
4
(4WφF +Wφφψ
αψα + h.c.)
]
. (4.45)
Here Kφ =
∂K(Φ,Φ¯)
∂Φ
|Φ=φ,Φ¯=φ¯ etc., the similar definitions are applied to derivatives of W ,
i.e. all these functions depend on the scalar fields φ, φ¯ only. We note that in the theory
(4.44) the auxiliary field F acquires a nontrivial dynamics.
However, first of these models, involving higher derivatives, in principle can imply in
ghost states, and the second one is non-renormalizable in a general case. We will study
these theories within the superfield approach in details further.
4.2.2 Abelian gauge superfield model
Now, let us go to the real scalar superfield case. The key feature of this superfield consists
in the fact that it allows for introducing the gauge symmetry on the superspace.
Indeed, let us consider the action of the real scalar superfield V (see f.e. [30]):
S =
1
2
∫
d8zV (
DαD¯2Dα
8
)V. (4.46)
This action is evidently gauge invariant with respect to the transformations:
V → V + i(Λ− Λ¯), (4.47)
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where Λ is a chiral superfield parameter, and Λ¯ is an antichiral one (to show the invariance,
we use the fact that D¯2DαΛ = 0 for a chiral Λ). Further, to develop a consistent quantum
description, we should fix the gauge.
This action is constructed with use of the operator −DαD¯2Dα
8
≡ Π1/2✷, where Π1/2 =
−DαD¯2Dα
8✷
is a projecting operator possessing the property Πn1/2 = Π1/2 for any integer
n ≥ 1. One can see that there are two projecting operators more, Π0+ = D¯2D216✷ and
Π0− = D
2D¯2
16✷
satisfying the similar properties, i.e. Πn0± = Π0±. One can say that Π0+ is a
projector on the chiral space, Π0− is a projector on the antichiral space since acting of Π0+
on any superfield produces the chiral superfield, and of Π0− – the antichiral superfield. The
Π1/2 projects on the so-called linear space since, for any superfield Σ, the new superfield
Π1/2Σ ≡ Σ˜ possesses the properties D2Σ˜ = D¯2Σ˜ = 0, and such a superfield is called the
linear superfield (however, it is used very rarely, some results for it can be found in [22]).
It is straightforward to show that the projecting operators Π1/2, Π0+ and Π0− satisfy
the properties
Π1/2 +Π0+ +Π0− = 1;
Π0+Π0− = Π0±Π1/2 = Π0−Π0+ = Π1/2Π0± = 0, (4.48)
i.e. they form the complete and orthogonal set of the projecting operators. It implies
that any superfield can be represented as a linear combination of chiral, antichiral and
linear ones.
Now let us obtain the component structure of the action (4.46). In principle, it can
be done via a straightforward use of the expression (4.46) and the projections (4.28).
However, such a way is very cumbersome. Therefore we use another manner: since the
chiral and complete measures are related by the rule
∫
d8z =
∫
d6z(− D¯2
4
), we can rewrite
the action (4.46) in an equivalent form (cf. [61]):
S =
1
64
∫
d6zW αWα, (4.49)
where
Wα = −D¯2DαV (4.50)
is an Abelian superfield strength. First, it is clear that Wα is chiral. Second, one can
obtain its component expansion (in the chiral representation):
Wα = 4[λα + θ
βfβα + θαD − i
2
θ2∂αβ˙λ¯
β˙]. (4.51)
or, in the form of projections,
Wα| = 4λα;
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D(βWα)| = 8fαβ;
D2Wα| = 8i∂αβ˙λ¯β˙;
−1
2
DαWα| = 4D. (4.52)
The fαβ = ∂ββ˙A
β˙
α + ∂αβ˙A
β˙
β here is the (symmetric) bispinor form of the usual stress
tensor Fab, i.e. fαβ =
1
2
(σab)αβFab. In this case, the action (4.49) is reduced to
S =
1
4
∫
d4x(−1
2
fαβfαβ − iλ¯α˙∂α˙βλβ + 1
2
D2), (4.53)
that is, the action of the supersymmetric electrodynamics.
The key property of the action (4.53) is that it involves only higher components of the
superfield V (4.24). From the formal viewpoint, it means that the lower components of
this superfield, that is, C(x), χα(x), χ¯
α˙(x), M(x), M¯(x) can be removed via some gauge
transformation. Indeed, if we consider the gauge parameter Λ(z) whose components
structure is
Λ(z) = i(
1
2
C(x) + θαχα(x) + θ
2M(x)), (4.54)
with C¯ = C, we identically cancel the above-mentioned lower components of the real scalar
superfield V . The gauge, in which the expansion of the V begins with i(θ¯σaθ)Aa(x), is
called the Wess-Zumino gauge, and it implies that V n = 0 for any n ≥ 3. However,
this gauge, although allowing to remove the nonpolynomiality of the action which is very
useful in the non-Abelian case, breaks the superfield structure being thus very inconvenient
within the superfield approach. Some attempts to conciliate this gauge with the superfield
methodology have been carried out in [37].
4.2.3 Non-Abelian gauge theories
Now, let us generalize the gauge theory for the non-Abelian case, see f.e. [31]. The key
idea consists in using the action (4.49) where the superfield strength (4.50) is promoted
to a non-Abelian case. Indeed, let us suggest that it has the form
Wα = −D¯2(e−gVDαegV ) (4.55)
Here we suggest that V is now a non-Abelian, Lie-algebra valued real scalar superfield,
V = V ATA, where TA are the Hermitian generators of some Lie group (the most popular
examples of the gauge groups are U(N) and SU(N)). It is clear that in the Abelian case
this strength is reduced to the expression (4.50).
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Let us suggest that the theory is invariant under the following gauge transformations:
egV → e−igΛ¯egV eigΛ, (4.56)
where Λ = ΛATA is a Lie-algebra-valued chiral parameter of the gauge transformation,
and Λ¯ is an antichiral one. It is clear that the superfield strength Wα, being Lie-algebra-
valued, in this case is not invariant but transformed in a covariant manner:
Wα → e−igΛWαeigΛ. (4.57)
The action of the non-Abelian gauge theory can be obtained by a straightforward promo-
tion of the action (4.49) to the non-Abelian case (cf. [61]):
S =
1
64g2
tr
∫
d6zW αWα = − 1
16g2
tr
∫
d8z(e−gVDαegV )D¯2(e−gVDαegV ). (4.58)
The theory described by the expression (4.58) is called the super-Yang-Mills theory. Its
action is essentially non-polynomial, however, its quadratic part reproduces the Abelian
expression (4.46). In principle, one can expand this action in power series in V and impose
the Wess-Zumino gauge which allows to eliminate all V 3 and higher terms as well as in
the Abelian case (for the discussion of the noncovariant gauges see [37]). However, the
covariant gauges are much more convenient for studying this theory.
Treating the component content, one must note that the nonpolynomial gauge trans-
formations (4.56) are well applicable to eliminate the lower components of the superfield
V . However, the non-Abelian theory (4.58) is not free but nontrivially self-coupled. We
suggest that the components of the non-Abelian strength Wα are again given by the ex-
pression (4.52), with the only modification that fαβ is now a non-Abelian stress tensor.
Therefore, the action of the super-Yang-Mills theory, after carrying out the procedures
similar to those ones realized above is rewritten in components as
S =
1
4g2
tr
∫
d4x(−1
2
fαβfαβ − iλ¯α˙∇α˙βλβ + 1
2
D2), (4.59)
Here ∇α˙β = ∂α˙β + iAα˙β is a gauge covariant space-time derivative.
The details of the supercovariant description of the super-Yang-Mills theories will
be given further, when the quantum approach for it is discussed. Now, after we have
formulated the theories on the classical level, we can start the perturbative description.
4.3 Generating functional and Green functions for
superfields
Now our aim consists of describing a method for calculation of generating functional and
Green functions for superfields and following application of this method to calculation of
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superfield quantum corrections, i.e. in development of the Feynman supergraph technique.
We note that during last years activity in development of nonperturbative approaches in
superfield quantum theory stimulated by paper [26] essentially increased. Nevertheless,
the importance of the results obtained through the perturbative approach continues to be
principal.
The generalization of path integral method for superfield theory turns to be quite
straightforward but a bit formal. Really, generating functional is defined in terms of
a path integral which is well-defined only for some special cases. However, the case of
Gaussian path integral is, first, well-defined both in standard field theory and in superfield
theory, second, sufficient for the development of the superfield perturbation technique.
Let us shortly describe the prescriptions for the introduction of Green functions in a
common field theory (see f.e. [34]). Let the classical action S[φ1 . . . φn] be a local space-
time functional of n superfields φi. The equations of motion (with Si ≡ δSδφi etc.) are:
Si[φ] = 0|φ=φ0. The φ0 is a solution for this equation. We suppose that the Hessian is non-
singular at this point, i.e. detSij [φ]φ=φ0 6= 0 (or as is the same equation Sij |φ=φ0aj = 0 is
satisfied if and only if aj = 0). If the Hessian is singular, we add to the action some term
to make it non-zero (in gauge theories such a term is called the gauge-fixing one), after
adding of this term all consideration is just the same as if the Hessian would be non-zero
from the very beginning. We suggest that the action S[φ] is an analytic functional, i.e. it
can be expanded into power series in a neighborhood of φ0:
S[φ] = S[φ0] +
∞∑
n=2
1
n!
Si1...in(φ− φ0)in . . . (φ− φ0)i1 . (4.60)
The term with n = 2 is called a quadratic (or linearized) action:
S0 =
1
2
φ˜iSij[φ0]φ˜
j. (4.61)
Here and further φ˜i = φi − φi0. Terms with n ≥ 3 are called interaction terms Sint, and
the whole action is rewritten as
S[φ] = S[φ0] + S0[φ˜;φ0] + Sint[φ˜;φ0]. (4.62)
The Green function Gij is determined on the base of the linearized action as
Sij[φ0]G
jk = −δki ; GijSjk[φ0] = −δik. (4.63)
The generating functional of Green functions usually is introduced as
Z[J ] = N
∫
Dφ exp(
i
h¯
(S[φ] + Jφ)). (4.64)
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Here J is a source, and N is a normalization factor.
The Green functions can be obtained on the base of the generating functional as
< φ(z1) . . . φ(zn) >=
(1
i
δ
δJ(z1)
)
. . .
(1
i
δ
δJ(zn)
)
N
∫
Dφ exp(
i
h¯
(S[φ] + Jφ)). (4.65)
We can calculate the path integral (4.64). To do it, after relabelling φ˜ → φ in (4.62),
we expand the complete action as S[φ] = S0[φ] + Sint[φ] with S0[φ] =
1
2
∫
dzφ∆φ is a
quadratic action, and ∆ be some operator. Of course, path integration is a quite formal
operation being well-defined only for the Gaussian integral and expressions derived from it.
However, both in the standard and in the superfield cases we mostly need only Gaussian
integrals. As usual,
∫
Dφ exp(
i
h¯
(S[φ] + Jφ)) =
∫
Dφ exp(
i
h¯
(
1
2
φ∆φ+ Sint[φ] + Jφ)) =
= exp(
i
h¯
Sint(
h¯
i
δ
δJ
))
∫
Dφ exp(
i
h¯
(
1
2
φ∆φ+ Jφ)). (4.66)
And (since this integral is Gaussian-like)
∫
Dφ exp(
i
h¯
(
1
2
φ∆φ+ Jφ)) = exp(− i
2
J(
h¯
∆
)J)det−1/2(
∆
h¯
). (4.67)
In these expression, the integration over space-time is assumed where it is necessary. One
concludes that all dependence of the expression on the sources is concentrated in the term
exp(− i
2
J( h¯
∆
)J). Constructing of Feynman diagrams from expressions (4.65, 4.66, 4.67) is
quite straightforward.
Let us apply this approach to a superfield theory. Our example is the Wess-Zumino
model [30], consideration of other theories is exactly analogous. We do not address here
the specifics of gauge theories in which one must introduce gauge fixing and ghosts since
after their introduction all procedure is just the same.
The action of the Wess-Zumino model with chiral sources is
SJ [Φ, Φ¯; J, J¯ ] =
∫
d8zΦΦ¯ + (
∫
d6z(
λ
3!
Φ3 +
m
2
Φ2 + ΦJ) + h.c.) (4.68)
(as usual, conjugated terms to chiral superfields are antichiral ones). It can be rewritten
in terms of integrals over chiral and antichiral subspace only:
SJ [Φ, Φ¯; J, J¯ ] =
∫
d6z(
1
2
Φ(−D¯
2
4
)Φ¯ +
λ
3!
Φ3 +
m
2
Φ2 + ΦJ) + h.c. (4.69)
The generating functional is
Z[J, J¯ ] =
∫
DΦDΦ¯ exp(iSJ [Φ, Φ¯; J, J¯ ]). (4.70)
4.3. GENERATING FUNCTIONAL 63
The action SJ (4.69) can be represented in matrix form
SJ =
1
2
∫
dz1dz2
(
Φ(z1) Φ¯(z1)
) m −14D¯2
−1
4
D2 m



 δ+(z1 − z2) 0
0 δ−(z1 − z2)

×
×

 Φ(z2)
Φ¯(z2)

+ ∫ d6zΦ(z)J(z) + ∫ d6z¯Φ¯(z¯)J¯(z¯) + λ
3!
(
∫
d6zΦ3 + h.c.). (4.71)
In this expression, integration in all terms is assumed with taking into account the cor-
responding chirality, f.e.
∫
dz1dz2Φ(z1)mδ+(z1 − z2)Φ(z2) ≡ ∫ d6z1d6z2Φ(z1)mδ+(z1 −
z2)Φ(z2), etc. (this formalism has been developed in [31]). We see that the operator ∆
determining quadratic part of the action (see (4.66,4.67)) looks like
∆ =

 m −14D¯2
−1
4
D2 m

 . (4.72)
The propagator is an operator inverse to this one:
G = ∆−1 =
1
✷−m2

 m 14D¯2
1
4
D2 m

 . (4.73)
In other words, propagator G satisfies the equation
∆G = −

 δ+(z1 − z2) 0
0 δ−(z1 − z2)

 . (4.74)
The matrix 1 =

 δ+(z1 − z2) 0
0 δ−(z1 − z2)

 plays the role of a functional unit matrix
within this description.
Thus, the generating functional can be presented as
Z[J, J¯ ] = exp(i
λ
3!
( ∫
d6z
(
1
i
δ
δJ(z)
)3
+ h.c.)
)
det−1/2∆×
× exp
{
− i
2
∫
dz1dz2
(
J(z1) J¯(z1)
) 1
✷−m2

 m 14D¯2
1
4
D2 m

×
×

 δ+(z1 − z2) 0
0 δ−(z1 − z2)



 J(z2)
J¯(z2)

}. (4.75)
The equivalent form of this expression is
Z[J, J¯ ] = exp

i λ
3!
∫
d6z
(
1
i
δ
δJ(z)
)3
+ h.c.

 (det−1/2∆) exp( i
2
A[J, J¯ ]) (4.76)
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where
A[J, J¯ ] = −
( ∫
d6zJ
m
✷−m2J + 2
∫
d6zJ
1
4
D¯2
✷−m2 J¯ +
∫
d6z¯J¯
m
✷−m2 J¯
)
. (4.77)
We can introduce two-point free Green functions (that is, those ones corresponding to
λ = 0):
G++(z1, z2) =
1
i2
δ2Z[J ]
δJ(z1)δJ(z2)
|J=0 = i(−1
4
)2D¯21D¯
2
2K++(z1, z2)
G+−(z1, z2) =
1
i2
δ2Z[J ]
δJ(z1)δJ¯(z2)
|J=0 = i(−1
4
)2D¯21D
2
2K+−(z1, z2)
G−−(z1, z2) =
1
i2
δ2Z[J ]
δJ¯(z1)δJ¯(z2)
|J=0 = i(−1
4
)2D21D
2
2K−−(z1, z2). (4.78)
Here K+−(z1, z2) = K−+(z1, z2) = − 1✷−m2 δ8(z1 − z2), K++(z1, z2) = mD
2
4✷(✷−m2)δ
8(z1 − z2),
K−−(z1, z2) = mD¯
2
4✷(✷−m2)δ
8(z1 − z2).
There is an alternative way to obtain the Green functions [40]. Indeed, the quadratic
part of the action (4.69) can be rewritten as an integral over whole superspace:
SJ [Φ, Φ¯; J, J¯ ] =
∫
d8z
(
ΦΦ¯ +
m
2
Φ(−D
2
4✷
)Φ +
m
2
Φ¯(−D¯
2
4✷
)Φ¯
+ Φ(−D
2
4✷
)J + Φ¯(−D¯
2
4✷
)J¯
)
, (4.79)
which has the matrix form
SJ [Φ, Φ¯; J, J¯ ] =
1
2
∫
d8z
(
Φ(z) Φ¯(z)
) −mD24✷ 1
1 −m D¯2
4✷



 Φ(z)
Φ¯(z)

+
+
∫
d8z
(
Φ(z)(−D
2
4✷
)J(z) + Φ¯(z¯)(−D¯
2
4
)J¯(z¯)
)
(4.80)
Then, since 
 −mD24✷ 1
1 −m D¯2
4✷


−1
=
1
✷−m2

 mD¯24 ✷
✷
mD2
4

 , (4.81)
after the functional integration, we arrive at the expression similar to (4.76), that is,
Z[J, J¯ ] = exp
(
i
λ
3!
∫
d6z
(1
i
δ
δJ(z)
)3
+ h.c.
)
(det−1/2∆˜) exp(− i
2
A˜[J, J¯ ]), (4.82)
where ∆˜ =

 −mD24✷ 1
1 −m D¯2
4✷

, and the argument of the exponential looks like
A˜[J, J¯ ] =
∫
d8z
(
(D
2
4✷
)J(z) ( D¯
2
4✷
)J¯(z)
) mD¯24(✷−m2) ✷✷−m2
✷
✷−m2
mD2
4(✷−m2)



 (D24✷ )J(z)
( D¯
2
4✷
)J¯(z)

 , (4.83)
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which can be reduced to (4.77) by straightforward transformations, i.e. the expressions
(4.77) and (4.83) are equivalent. Therefore we have shown that these ways to obtain the
Green functions (and hence the Green functions themselves) are equivalent.
We note that in theory of a standard (non-chiral, in particular, real scalar) superfield
the variational derivatives with respect to sources do not involve factors D2, D¯2. These
factors are caused by chirality. For example, for a theory of the real scalar superfield V ,
with the action S = −1
2
∫
d8zV ✷V (which emerges after an appropriate gauge fixing) the
propagator is simply G(z1, z2) =
1
✷
δ(z1 − z2).
Different vacuum expectations can be expressed in terms of the generating functional
(4.75) as
< φ(x1) . . . φ(xn)φ¯(y1) . . . φ¯(ym) >=
= (
1
i
δ
δJ(x1)
) . . . (
1
i
δ
δJ(xn)
)(
1
i
δ
δJ¯(y1)
) . . . (
1
i
δ
δJ¯(ym)
)×
× exp
{
i
λ
3!
∫
d6z
(
1
i
δ
δJ(z)
)3
+ h.c.)det−1/2∆×
× exp(− i
2
∫
dz1dz2
(
J(z1)J¯(z1)
) 1
✷−m2

 m 14D¯2
1
4
D2 m

×
×

 δ+(z1 − z2) 0
0 δ−(z1 − z2)



 J(z2)
J¯(z2)

}. (4.84)
Of course, this expression contains all orders in the coupling λ. To obtain vacuum ex-
pectations up to a some order in couplings we should expand exp(i λ
3!
∫
d6z( δ
iδJ(z)
)3+ h.c.)
into power series. As a result as usual we arrive at some Feynman diagrams. In these
diagrams, n + m is the number of external points, and the order in λ is the number of
internal points. Each vertex evidently corresponds to integration over d6z or d6z¯. There-
fore we can introduce Feynman diagrams for superfield theory, i.e. Feynman supergraphs.
Their value consists in the fact that they allow one to preserve a manifest supersymmetry
covariance at any step of calculations.
Generating functionals of arbitrary superfield models can be constructed by analogy
with Wess-Zumino model:
Z[ ~J ] = exp(i(S[~φ] + ~φ ~J)). (4.85)
Here ~φ is a column matrix denoting set of all superfields, ~J is a column matrix denoting set
of corresponding sources. The Green functions can be determined in analogy with (4.84).
The generalization for the case of the presence of the superfields of different natures,
including not only chiral and real ones but other possible superfields, does not essentially
differ.
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4.4 Feynman supergraphs
Now, after we have introduced the generating functional (4.75), we can start with formu-
lation of the superfield Feynman diagram technique, or supergraph technique. It can be
introduced as follows.
One can easily read off from (4.78) that any < φφ¯ >-propagator corresponds to
(✷ − m2)−1, at a chiral vertex each propagator is associated with the factor (−1
4
D¯2),
and at an antichiral one – with (−1
4
D2). However, each chiral (or antichiral) vertex in-
volves an integration over d6z (or d6z¯). Furthermore, since we deal with the delta function
δ8(z1 − z2), for sake of unity it is more convenient to represent all contributions in the
form of integrals over d8z via the rule d6z(−1
4
)D¯2F =
∫
d8zF . As a result, if all super-
fields associated to a given
∫
d6zΦn-vertex are contracted into propagators, this vertex is
associated with n−1 (−1
4
D¯2) factors, and, similarly, any
∫
d6z¯Φ¯m-vertex of course, in the
case when all superfields are contracted into propagators. – with m− 1 (−1
4
D2)-factors.
And the vertex
∫
d8zΦmΦ¯n, in the same case when all superfields are contracted into prop-
agators, is associated with m factors and n (−1
4
D2) factors. Here and further we refer
to superfields contracted into propagators as to the quantum ones. We will denote the
quantum chiral (antichiral) superfields as φ (φ¯). We see that the number of D2, D¯2 fac-
tors for such vertices is the number of antichiral (chiral) quantum superfields associated
with this vertex. There is no such D2, D¯2-factors arising in propagators of a non-chiral
(f.e. real) superfield, since the presence of such factors is motivated by the variational
derivative with respect to a chiral superfield.
The propagator < φφ > (< φ¯φ¯ >) corresponds to the mD
2
4✷(✷−m2) (
mD¯2
4✷(✷−m2)) factor.
However, only quantum fields (i.e. those ones contracted into propagators) carry D2, D¯2
factors. External lines do not carry such a factor, and if one, two... n chiral (antichiral)
superfields associated with the vertex are external the number of D¯2 (D2) factors corre-
sponding to this vertex is less by one, two... n than in the case when all superfields are
contracted to propagators.
If we consider the theory of N = 1 super-Yang-Mills (SYM) field, its quadratic
action being the sum of the action (4.49) and the simplest gauge-fixing term Sgf =
−1
2
tr
∫
d8zV {D
2,D¯2}
16
V corresponding to the Feynman gauge (we consider more general
gauge fixing in Section 4.11) looks like
S = −1
2
tr
∫
d8zV ✷V. (4.86)
Here tr is matrix trace (remind that the superfield V is Lie-algebra valued). There is no
D factors associated with this propagator but they are associated with vertices. In a pure
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N = 1 SYM theory vertices are given by
Sint =
g
16
tr
∫
d8z(D¯2DαV )[V,DαV ] + . . . (4.87)
Here dots denote higher orders in V . The vertices of any order involve are two D factors
and two D¯ factors. The D-factors in vertices involving both real and chiral (antichiral)
superfields are arranged in a common way, i.e. any vertex φφ¯V n involves one factor
(−1
4
D¯2) acting to the Φ superfield when it is contracted to < φφ¯ > propagator and one
factor (−1
4
D2) acting to the φ¯ superfield when it is contracted to the < φφ¯ > propagator.
As a result, we can formulate Feynman rules.
The propagators look like
< φ(z1)φ¯(z2) > = − 1
✷−m2 δ
8(z1 − z2); (4.88)
< φ(z1)φ(z2) > =
mD2
4✷(✷−m2)δ
8(z1 − z2);
< V (z1)V (z2) > =
1
✷
δ8(z1 − z2),
and the vertices (here φ, φ¯ are quantum superfields) correspond to
∫
d6zφn → (n− 1) factors (−1
4
)D¯2;∫
d8zφφ¯V m → one factor (−1
4
)D2 and one factor (−1
4
)D¯2. (4.89)
All derivatives in derivative depending vertices act on the propagators. Any external
chiral (antichiral) fields do not carry D¯ (D)-factors except of those ones originated from
the definition of the vertices. One will find further that the difference of signs of < V V >
with respect to < ΦΦ¯ >-propagator plays an important role within the context of the
super-Yang-Mills theory. However, in principle this difference of signs takes place even in
the simple non-supersymmetric scalar QED (it follows from the requirement of positivity
of energy of the free theories). As usual, within the supergraphs each propagator carries
the factor i.
Of course, it is more suitable to make Fourier representation for all propagators (note
that Fourier transformation is carried out with respect to bosonic coordinates only) by
the rule
f˜(k) =
∫
d4xf(x)eikx. (4.90)
The propagators in momentum representation look like
< φ(1)φ¯(2) > =
1
k2 +m2
δ412; (4.91)
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< φ(1)φ(2) > =
mD2
4k2(k2 +m2)
δ412;
< V (1)V (2) > = − 1
k2
δ412. (4.92)
Here 1, 2 are numbers of arguments (actually we must write V (1) ≡ V (−k, θ1) and
V (2) ≡ V (k, θ2) etc.), and δ412 ≡ δ4(θ1−θ2) = (θ1−θ2)2(θ¯1−θ¯2)2 is a delta function related
to the Grassmann coordinates. The D-factors are introduced as above. Note, however,
that spinor derivatives depend after Fourier transform on a momentum of a propagator
with which they are associated. The external superfields also can be represented in the
form of the Fourier integral. Each propagator is parametrized by a momentum, and
any vertex corresponds to an integration over d4θ, a corresponding coupling and a delta
function over incoming momenta multiplied by (2π)4. As usual, contribution of any
supergraph includes integration over all momenta and combinatoric factor which is totally
analogous to that one in standard quantum field theory.
Essentially new feature of superfield theories consists in the presence of the D-factors.
To evaluate D-algebra we can transport them via integration by parts, then, we can use
the identity
δ412D
2D¯2δ412 = 16δ
4
12 (4.93)
To prove this identity we can use the expansion of supercovariant derivatives (4.12)
and note that due to the evident property δ412
∂
∂θα
δ412 =
∂
∂θα
δ412|θ1=θ2 = 2(θ1α − θ2α)(θ¯1 −
θ¯2)
2|θ1=θ2 = 0, and some more similar relations, only terms of the form δ412( ∂∂θ)2( ∂∂θ¯ )2δ412 =
16δ412 survive.
We can prove the following theorem.
The final result for the contribution of any supergraph should have the form of one
integral over d4θ [40].
Proof: Let us consider the supergraph with L loops, V vertices and P propagators.
Any vertex contains an integration over d4θ, i.e. there are V such integrations. Then, due
to (4.91) any propagator carries a delta function over Grassmann coordinates, i.e. there
are P delta functions. Then, in any loop we can reduce the number of delta functions by
one using identity (4.93), i.e. there are P −L independent delta functions. As a result we
can carry out P−L integrations from V , and afterD-algebra transformations we stay with
V − (P −L) integrations. And, due to the famous topological identity, V − (P −L) = 1,
therefore the result contains one integration over d4θ. The theorem is proved.
This theorem is often called the non-renormalization theorem. It means that all quan-
tum corrections are local in θ-space. This theorem is often naively treated as a proof
of absence of chiral corrections (i.e. of those ones proportional to an integral over d2θ).
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However, such an interpretation is wrong since any contribution in the form of integral
over chiral subspace can be rewritten as an integral over whole superspace using identity
∫
d6zf(Φ) =
∫
d8z(−D
2
4✷
)f(Φ). (4.94)
This observation was firstly made in [62], its consequences will be studied further.
Now let us study evaluation of contributions from supergraphs. The algorithm of it,
after rewriting all vertices as integrals over the whole superspace, is the following one.
1. We start with one of loops. If the number of D-factors in this loop is equal to
4 we turn to step 2. If it is more than 4, superfluous D-factors can be transported to
external lines or another loops via integration by parts, and some of them are converted
into internal momenta via identities D2D¯2D2 = 16✷D2, {Dα, D¯β˙} = 2i∂αβ˙ . As a result we
stay with exactly 4 D-factors. If the number of D-factors is less than 4 than contribution
from the entire supergraph is equal to zero.
2. We contract this loop into a point using identity (4.93) and intergrate over one of
d4θ via the delta function which is free of derivatives.
3. This procedure is repeated for next loops.
4. We integrate over internal momenta.
The best way to study evaluation of supergraphs consists in considering some exam-
ples.
Example 1. One-loop supergraph in the Wess-Zumino model.
− −D2D¯2
Fig.2
The contribution of this supergraph is equal to
I1 =
λ2
2
∫
d4θ1d
4θ2
∫
d4p
(2π)4
Φ(−p, θ1)Φ¯(p, θ2)δ412
D¯21D
2
2
16
δ412 ×
×
∫
d4k
(2π)4
1
(k2 +m2)((k + p)2 +m2)
(4.95)
The number of D-factors is just 4. D-algebra transformations are trivial: we use identity
(4.93) and write δ412
D¯21D
2
2
16
δ412 = δ
4
12. The free delta function δ
4
12 allows us to integrate over
d4θ2, afterwards, we denote θ1 = θ. As a result we get
I1 =
1
2
λ2
∫
d4θ
∫
d4p
(2π)4
Φ(−p, θ)Φ¯(p, θ)
∫
d4k
(2π)4
1
(k2 +m2)((k + p)2 +m2)
(4.96)
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Integral over k can be calculated via dimensional regularization, the result for it is
∫
d4k
(2π)4
1
(k2 +m2)((k + p)2 +m2)
=
1
16π2
(
1
ǫ
−
∫ 1
0
dt log
p2t(1− t) +m2
µ2
) (4.97)
As a result, contribution of this supergraph takes the form
I1 =
1
2
λ2
∫
d4θ
∫
d4p
(2π)4
Φ(−p, θ)Φ¯(p, θ) 1
16π2
(
1
ǫ
−
∫ 1
0
dt log
p2t(1− t) +m2
µ2
) (4.98)
However, using of the dimensional regularization in superfield theory in higher loops
possesses some peculiarities, in fact, in some cases it is ambiguous [64].
Example 2. Two-loop supergraph in the Wess-Zumino model.
− −D2D¯2− |
D2D¯
2
Fig.3
The contribution of this supergraph is equal to
I2 =
λ2
6
∫
d4kd4l
(2π)8
∫
d4θ1d
4θ2(−D
2
1
4
)δ412
D21D¯
2
2
16
δ412(−
D¯22
4
)δ412 ×
× 1
(k2 +m2)(l2 +m2)((k + l)2 +m2)
(4.99)
First we do D-algebra transformations: we can write
(−D
2
1
4
)δ412
D21D¯
2
2
16
δ412(−
D¯22
4
)δ412 = δ
4
12
D21D¯
2
2
16
δ412
D21D¯
2
2
16
δ412
Then we use identity (4.93) two times:
δ412
D21D¯
2
2
16
δ412
D21D¯
2
2
16
δ412 = δ
4
12
As a result we can integrate over θ2 using the delta function. We get
I2 =
λ2
6
∫
d4kd4l
(2π)8
∫
d4θ1
1
(k2 +m2)(l2 +m2)((k + l)2 +m2)
(4.100)
This integral vanishes in the standard case since it is proportional to an integral over
d4θ from constant. However, if we suppose that m is not a constant but θ-dependent
superfield, this contribution will not be equal to zero. Namely this case is studied when
the effective action is considered and m is suggested to depend on background superfields
(just this situation has been considered in [67]).
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Example 3. One-loop supergraph in dilaton supergravity.
The action of the theory looks like [60]:
S =
∫
d8z
[
− Q
2
16π2
σ¯✷σ + D¯α˙σ¯Dασ(ξ1∂αα˙(σ − σ¯) + ξ2D¯α˙σ¯Dασ) + m
2
2
eσ+σ¯
]
+
+ [λ
∫
d6ze3σ + h.c.] (4.101)
One of the contributions to the wave function renormalization is given by the following
supergraph:
| |
D¯2DβD¯α˙D2
| |
D2D¯β˙DαD¯2
∂αα˙|
∂ββ˙
|
G(k)
G(k + p)
Fig.4
The contribution of this supergraph is equal to
I3 = ξ
2
1
∫
d4θ1d
4θ2
∫
d4p
(2π)4
d4k
(2π)4
(∂αα˙σ(−p, θ1))(∂ββ˙σ¯(p, θ2))×
× D
αD¯2D2D¯β˙
16
δ412
D¯α˙D2D¯2Dβ
16
δ412G(k)G(k + p). (4.102)
Here G(k), G(k + p) are functions of momenta whose explicit form is not essential here
(they are exactly found in [60]). The derivatives ∂αα˙, ∂ββ˙ are not transported from ex-
ternal fields σ, σ¯. Our aim here is to obtain terms proportional to ∂mσ∂nσ¯ (we do not
express derivatives acting on the externl fields in terms of the corresponding momenta
since we will not more manipulate with these derivatives, so, we consider ∂αα˙σ and ∂ββ˙ σ¯
as some independent external fields. We suggest that spinor derivatives associated with
one propagator depend on momentum k, and with another – to k + p.
Using commutation relations (4.13) we find that
DαD¯2D2D¯β˙
16
δ412
D¯α˙D2D¯2Dβ
16
δ412 = −
4kαγ˙D¯γ˙D
2D¯β˙
16
δ412
4(k + p)γα˙DγD¯
2Dβ
16
δ412. (4.103)
We transport all spinor supercovariant derivatives to one propagator (here the terms with
spinor supercovariant derivatives moved to the external lines are omitted as the irrelevant
ones since they do not contribute to the divergent part [60]). As a result we arrive at
16kαγ˙(k + p)γα˙δ412
D¯β˙D2D¯γ˙DγD¯
2Dβ
256
δ412. (4.104)
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We can use (4.13) several times. At the end we get
16kαγ˙(k + p)γα˙(k + p)γγ˙(k + p)
β˙δδ412
DδD¯
2Dβ
32
δ412. (4.105)
Equations (4.13) and (4.93) allow one to write
δ412DδD¯
2Dβδ412 = −
1
2
16δβδ δ
4
12.
We substitute this expression in (4.103). Using identity kαβ˙kγβ˙ = δ
α
γ k
2 we obtain the
contribution from (4.103) in the form
kαα˙(k + p)ββ˙(k + p)2δ412,
which after integration over θ2 leads to the following expression for I3:
I3 = −4ξ21
∫
d4θ1
∫
d4p
(2π)4
d4k
(2π)4
(∂αα˙σ)(−p, θ1)(∂ββ˙ σ¯)(p, θ1)×
× kαα˙(k + p)ββ˙(k + p)2G(k)G(k + p). (4.106)
Detailed analysis carried out in [60] shows that this correction is divergent.
Calculation of corrections from supergraphs in other superfield theories is carried out
on the base of analogous approach.
We demonstrated that supergraph technique is a very efficient method for considera-
tion of quantum corrections in superfield theories whereas the component study is much
more complicated since one supergraph corresponds to several component diagrams (it is
amusing that the exact expression for the classical action of dilaton supergravity occupies
a whole page [60]). The next step of its development consists in introducing renormaliza-
tion in these theories.
4.5 Superficial degree of divergence. Renormaliza-
tion.
We found that divergent quantum corrections arise in superfield theories as well as in
standard field theories. Therefore we face two problems:
(i) to classify possible divergences;
(ii) to develop a procedure of renormalization in superfield theories.
It turns out that the technique for solving these problems is quite analogous to that
one used in standard field theory. First problem can be solved on the base of superficial
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degree of divergence. The natural way for solving second one is in introducing superfield
counterterms which are quite analogous to standard ones.
First of all let us consider the superficial degree of divergence [65].
Example. The N = 1 super-Yang-Mills (SYM) theory with chiral matter (with Wess-
Zumino self-interaction) [31]. For all other models, the consideration is quite analogous.
The action of the theory is
S =
∫
d8zΦ¯i(e
gV )ijΦ
j + (
∫
d6z(
1
2
mijΦiΦj +
λijk
3!
ΦiΦjΦk) + h.c.)− (4.107)
− tr 1
16g2
∫
d8z(e−gVDαegV )D¯2(e−gVDαegV ) +
+
∫
d8ztr
(
c¯′c− c¯c′ + 1
2
g(c¯′ − c′)[V, c+ c¯] + . . .
)
.
The dots are for the higher couplings involving ghosts. The triple vertices in this theory
are (cf. [61])
λijk
3!
∫
d6zΦiΦjΦk + h.c., g
∫
d8zΦ¯iV
A(TA)ijΦ
j ,
g
16
tr
∫
d8z(D¯2DαV )[V,DαV ],
g
2
tr
∫
d8z(c¯′ − c′)[V, c+ c¯]. (4.108)
Indices i, j are matrix indices since Φi is an isospinor, and V ≡ V ATA is Lie-algebra valued
as well as the ghosts are. However, all vertices corresponding to pure SYM self-interaction
contain exactly two chiral and two antichiral derivatives. We have proved already that
all corrections should be proportional to one integral over d4θ.
As usual, the superficial degree of divergence (SDD) is the order of the integral over
internal momenta for the corresponding contribution, or, as is the same, is a degree of
homogeneity of diagram in momenta, considered after evaluation of D-algebra transfor-
mations [31]. The only difference of the SDD in the superfield case is the additional
impact from D-factors.
It is easy to see that contributions to the SDD are generated by momentum depending
factors in propagators and vertices (as usual, any internal momentum k gives contribu-
tion 1), loop integrations, or, in other words, by manifest momentum dependence which
is associated with propagators and loop integration, and by D-factors which are asso-
ciated with propagators and vertices (note that due to identities D2D¯2D2 = 16✷D2,
{Dα, D¯α˙} = 2i∂αα˙, one chiral derivative combined with an antichiral one can be con-
verted to one momentum; therefore any D-factor contribute to the SDD with 1/2). If
not all spinor derivatives are converted to internal momenta, the SDD from supergraph
evidently decreases.
Let us consider arbitrary supergraph with L loops, V vertices, P propagators (C of
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them are < φφ >, < φ¯φ¯ > -propagators) and E external lines (Ec of them are chiral).
We denote the SDD as ω.
Any integration over internal momentum (i.e. over d4k) contributes to SDD with 4.
Since the number of integrations over internal momenta is the number of loops, the total
contribution from all such integrations is 4L. Any propagator includes 1
k2+m2
or 1
k2
(4.91),
hence contribution of all propagators is equal to −2P . Since < ΦΦ >,< Φ¯Φ¯ >-propagator
contains additional 1
k2
these propagators give additional contribution −2C. Therefore
manifest dependence of momenta gives contribution to ω equal to 4L− 2P − 2C.
Now let us consider contribution of D-factors to SDD. Each vertex (both pure gauge
one and that one containing chiral superfields) without external chiral (antichiral) lines
contains four D-factors (4.108) since any superfield φ (contracted to propagator) corre-
sponds to D¯2, and φ¯ – to D2. Therefore each vertex gives contribution 2. However,
external chiral (antichiral) lines do not correspond to D-factors. As a result, any exter-
nal line decreases ω by 1, Each < φφ >,< φ¯φ¯ >-propagator contains a factor D¯2 (D2)
with contribution 1. Then, due to the identity (4.93) contracting any loop into a point
decreases the number of D-factors which can be converted to internal momenta by 4, and
ω – by 2. As a result the total contribution of D-factors to ω is equal to 2V −Ec−2L+C
(remind that each D-factor contributes to ω with 1/2).
Therefore SDD is equal to
ω = 4L− 2P − 2C + 2V − Ec − 2L+ C = 2L− 2P + 2V − C − Ec. (4.109)
Using the well known topological identity L+ V − P = 1 we have
ω = 2− C − Ec. (4.110)
Really, the SDD can be lower than (4.110) if some of D-factors are transported to external
lines and do not generate internal momenta. If ND D-factors are moved to external lines
the ω is equal to
ω = 2− C − Ec − 1
2
ND. (4.111)
This is the final expression for the SDD. As usual, at ω ≥ 0 supergraph diverges, and at
ω < 0 – converges. We note that:
1. ω ≤ 2 hence the SDD is restricted from above.
2. As the number of external lines grows, ω decreases. Therefore the number of divergent
structures is essentially restricted – it is finite (really, there can be no more than two
external chiral legs and no more than two < ΦΦ >,< Φ¯Φ¯ > propagators). And since the
number of divergent structures is finite the theory is renormalizable. Hence we have just
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shown that the theory including chiral superfields with Wess-Zumino-type interaction and
gauge superfields with action (4.107) is renormalizable. This is quite natural since the
mass dimensions of all couplings in this theory are equal to zero.
However, non-renormalizable superfield theories also exist.
Example. General chiral superfield model [59].
The action of the model is
S =
∫
d8zK(Φ, Φ¯) + (
∫
d6zW (Φ) + h.c.) =
=
∫
d8zΦΦ¯ + [
∫
d6z(
1
2
mΦ2 +
λ
3!
Φ3) + h.c.] + (4.112)
+
∫
d8z
∞∑
m,n=1
1
m!n!
KmnΦ
nΦ¯m + (
∫
d6z
∞∑
l=4
Wn
n!
Φn + h.c.).
Here Kij ,Wl are constants with nontrivial (actually, negative) mass dimension, and we
impose the restriction K11 = 0 since the corresponding term is already taken into account
as a kinetic term.
Propagators in the theory are just (4.91), their contribution to the SDD is equal to
4L − 2P − 2C as above. However, the contribution from D-factors differs. Any vertex
KnmΦ
nΦ¯m corresponds to n D¯2-factors and m D2-factors. The total contribution to ω
from all such vertices is
∑
Vt
(nv+mv), i.e. the sum of n andm over all vertices corresponding
to the integral over the total superspace. Any vertex WlΦ
l contains an integral over d6z
and effectively corresponds to (l − 1) D¯2-factors. Total contribution from such vertices
is
∑
Vc
(lc − 1) (i.e. sum over all purely chiral or antichiral vertices). Again, external lines
decrease the number of D2 (D¯2)-factors by 2Ec (Ec is a number of external lines), each
< ΦΦ >,< Φ¯Φ¯ >-propagator carries one D¯2 (D2)-factor. Contraction of each loop to a
point decreases the number of D-factors by 4. Hence the total number of D-factors is
2
∑
Vt
(nv +mv) + 2
∑
Vc
(lc − 1)− 2Ec − 4L+ 2C. (4.113)
Contribution to the SDD from D-factors is their number divided by two. Therefore the
total SDD in this theory is equal to
ω = 4L− 2P − 2C + 1
2
(2
∑
Vt
(nv +mv) + 2
∑
Vc
(lc − 1)− 2Ec − 4L+ 2C) =
= 2− 2V − C − 2Ec + [
∑
Vt
(nv +mv) +
∑
Vc
(lc − 1)]. (4.114)
Here we used 2L − 2P = 2 − 2V . However, any vertex gives contribution −2 to term
−2V and lc − 1 or nv + mv to other terms of ω. It is evidently that either lc − 1 or
76 CHAPTER 4. FOUR-DIMENSIONAL SUPERFIELD SUPERSYMMETRY
nv +mv can be more than 2 since either lc ≥ 3 or nv +mv ≥ 3. Hence in general case∑
Vt
(nv+mv)+
∑
Vc
(lc−1)−2V ≥ 0, thus the number of divergent structures is not restricted,
and the theory is non-renormalizable. This is quite natural since the constants Kij (if
i, j ≥ 2) and Wl (if l ≥ 4) have negative mass dimensions.
The next problem consists in the introduction of regularization. The most natural way
of introducing regularization in supersymmetric theories is the dimensional regularization.
It can be introduced as usual: an integral∫
d4k
(2π)4
1
(k2 +m2)N
is replaced by
µ−ǫ
∫
d4+ǫk
(2π)4+ǫ
1
(k2 +m2)N
,
so, all divergences are given by poles in ǫ (no more than 1
ǫL
for L-loop correction).
However, there are some peculiarities. First of all, at the component level any super-
symmetric action includes spinors and hence γ-matrices which are well defined if and only
if the dimension of the space-time is integer. Therefore we must use some modification of
the dimensional regularization called dimensional reduction. According to it, all objects
which are well-defined only at separate dimensions (such as spinors and Dirac γ matrices)
are evaluated at these dimensions (in our case – at the dimension equal to 4), and inte-
grals over momenta – at arbitrary dimensions. However, dimensional reduction leads to
some difficulties in calculation of higher loop corrections since many supergraphs involve
contractions of essentially four-dimensional objects, such as Levi-Civita tensor ǫabcd, with
d-dimensional objects, and such contractions need additional definition. As a result fre-
quently the ambiguities arise. However, such phenomena are observed only beyond two
loops, see f.e. [64].
We also can use analytic regularization which corresponds to change∫ d4k
(2π)4
1
(k2 +m2)n
→ µ2ǫ
∫ d4k
(2π)4
1
(k2 +m2)n+ǫ
.
However, this regularization also leads to some difficulties (see discussion of questions
connected to regularization in supersymmetric theories in [64]).
The technique for renormalization in superfield theories is quite analogous to that one
in common QFT. It is carried out via introduction of counterterms.
Example. Let us consider the one-loop contribution to the kinetic term in the Wess-
Zumino model. The corresponding supergraph is given by Fig. 2 (see above), its contri-
bution (4.98) yields
I1 =
1
2
λ2
∫
d4θ
∫
d4p
(2π)4
Φ(−p, θ)Φ¯(p, θ) 1
16π2
(
1
ǫ
−
∫ 1
0
dt log
p2t(1− t) +m2
µ2
). (4.115)
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We see that this divergence has the form of pole part proportional to 1
ǫ
. To cancel it we
must add to the initial kinetic term
S =
∫
d8zΦ(x, θ)Φ¯(x, θ) (4.116)
(which is just
∫ d4p
(2π)4
d4θΦ(−p, θ)Φ¯(p, θ)) a counterterm
∆Scountr = − λ
2
32π2ǫ
∫
d8zΦ(z)Φ¯(z) (4.117)
which corresponds to the replacement of
∫
d8zΦΦ¯ in the classical action by Z
∫
d8zΦ(z)Φ¯(z)
where
Z = 1− λ
2
32π2ǫ
(4.118)
is a wave function renormalization.
The essential peculiarity of superfield theories is the fact that the number of countert-
erms in these theories is less than in their non-supersymmetric analogues. For example,
Wess-Zumino model is a supersymmetric generalization of φ4-theory, but it involves only
one renormalization constant corresponding to the renormalization of kinetic term and
no renormalization of couplings. The conclusion about absence of divergent correction to
coupling the λ (or as is the same – to chiral potential) is also called non-renormalization
theorem since it is treated as a consequence of the non-renormalization theorem discussed
earlier, following which, all loop corrections have the form of the integral over d4θ. How-
ever, actually, the existence of the finite corrections to the superpotential (also called
the chiral or holomorphic potential) is not forbidden, for example, they are present in the
massless Wess-Zumino model [23, 24, 66, 67].
There are also some interesting properties of renormalization in superfield theories.
First, all tadpole-type contributions in the Wess-Zumino model vanish: the supergraph
✫✪
✬✩
-D2
has a contribution proportional to D2δ11 = δ12D
2δ12 = 0. The similar situation can occur
in other superfield models involving the Wess-Zumino model as an ingredient. However,
in theories including vertices proportional to integral over whole superspace (f.e. dilaton
supergravity) tadpole contributions are not equal to zero [60].
Second, all contributions from vacuum supergraphs are proportional to
∫
d4θc (with c is
a constant) and also vanish. However, this statement is not true for background dependent
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propagators. The methodology of background dependent propagators naturally arises
within the formalism of the effective action whose key features are the same in the common
field theory (see Chapter 2) and in the supersymmetric field theory, hence, the concepts
developed in the Chapter 2 can be straightforwardly applied for the superfield theories.
In the next section we carry out this application.
4.6 Effective action in superfield theories. Superfield
proper-time technique
Let us now discuss the problem of the effective action in superfield theories. In the Chapter
2, we have shown that the effective action Γ[Φ] depending on the background (super)field
Φ (actually, in general case the Φ denotes a set of all background (super)fields, whose
indices are suppressed) can be presented as Γ[Φ] = S[Φ] + Γ¯[Φ], where S[Φ] is a classical
action of the theory, and Γ[Φ] is a complete quantum contribution to the effective action
which can be determined from the expression
e
i
h¯
Γ¯[Φ] =
∫
Dφe
i
2
S′′[Φ]φ2
(
1 +
i
√
h¯
3!
S(3)[Φ]φ3 +
ih¯
4!
S(4)[Φ]φ4 +
+
1
2
(
i
√
h¯
3!
)2
(S(3)[Φ]φ3)2 + . . .
)
. (4.119)
Expanding the effective action in power series in h¯ as Γ¯[Φ] =
∞∑
L=1
h¯LΓL[Φ], one can express
the one-loop contribution to Γ[Φ] in terms of the trace of the logarithm of the background
dependent propagator S ′′[Φ] as
Γ(1) =
i
2
Tr ln∆[Φ], (4.120)
where ∆[Φ] ≡ S ′′[Φ] is a background dependent operator characterizing the quadratic
action of the quantum fields. This is the famous expression of the one-loop effective action
in terms of the trace of the logarithm. Study of the one-loop correction is a starting point
for any discussions of the effective action.
Now, it is instructive to discuss the following question: how the definition of the one-
loop correction in an effective action in terms of the trace of the logarithm is related to
the expression of the same correction in terms of (super)graphs?
To clarify this relation we give an example. The one-loop effective action in the Wess-
Zumino model is given by the following functional trace [25, 31]:
Γ(1) =
i
2
Tr log(✷− 1
4
ΨD¯2 − 1
4
Ψ¯D2). (4.121)
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Here Ψ = m+ λΦ is background chiral superfield. It is clear that the operator ∆ in this
case is ∆ = ✷− 1
4
ΨD¯2 − 1
4
Ψ¯D2. The Γ(1) can be rewritten as
Γ(1) =
i
2
Tr log[✷(1− 1
4✷
(ΨD¯2 + Ψ¯D2))]. (4.122)
Expansion of the logarithm into power series leads to
Γ(1) = − i
2
Tr
∞∑
n=1
1
n
[
1
4✷
(ΨD¯2 + Ψ¯D2)]n. (4.123)
This expression exactly reproduces the total contribution for the sum of the following
supergraphs
✧✦
★✥
✧✦
★✥
Fig.5
✧✦
★✥
  ❅
❅  
. . .
External lines here are for alternating external Ψ and Ψ¯ fields, with the −D2
4
and − D¯2
4
factors are associated with the vertices as usual, and internal ones are for the free prop-
agator of the chiral superfield. At the same time, if we consider theory of a real scalar
superfield u in the external chiral superfield Ψ with action
S =
1
2
∫
d8zu(✷− 1
4
ΨD¯2 − 1
4
Ψ¯D2)u, (4.124)
it leads just to these supergraphs (if
∫
d8zu(−1
4
ΨD¯2)u and the conjugated term are treated
as vertices), and one-loop effective action for this theory is again given by (4.121).
We can see that the expression of one-loop effective action in the form of the trace of
the logarithm of some operator allows to use some special technique which is equivalent
to supergraph approach, but more convenient in many cases. This technique is called
proper-time technique.
As we have already proved, if the quadratic action of a quantum (super)field φ on
classical background Φ has the form 1
2
∫
dxφ∆[Φ]φ (
∫
dx here denotes integral over all
(super)space), one-loop effective action in this theory is Γ(1) = i
2
Tr
∫∞
0
ds
s
eis∆. Therefore
we face the problem of calculating the operator eis∆. In most important cases ∆ = ✷+ . . .
where dots denote background dependent terms. It is known [34] that the best way to
find this operator in the case of common field theory is as follows. We introduce the
function U(x, x′|s) = eis∆δ4(x−x′) called the Schwinger kernel. Of course, the U depends
on background superfields. By the definition, it satisfies the equation:
i
∂U
∂s
= −U∆. (4.125)
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The ∆ is supposed to have form of power series in derivatives. And U satisfies initial
condition
U(x, x′)|s=0 = δ4(x− x′).
In a common case (especially, in the gravity theories) U is represented in the form of
infinite power series in parameter s (called the proper time) as [34]
U = − i
(4πs)2
exp(
i
4s
(x− x′)2)
∞∑
n=0
an(is)
n. (4.126)
The (ultraviolet) divergences correspond to lower orders of this expansion (note that
ultraviolet case corresponds to s → 0, infrared one – to s → ∞). Coefficients an depend
on background superfields and their derivatives. We note that if background superfields
are put to zero, we arrive at
U (0)(x, x′; s) = eis✷δ4(x− x′) = − i
(4πs)2
exp(
i
4s
(x− x′)2), (4.127)
which satisfies condition
i
∫ ∞
0
dsU (0)(x, x′; s) =
1
✷
δ4(x− x′). (4.128)
The approach in case of superfield theories is quite analogous. However, in the superfield
case using of this approach is characterized by an essential advantage. Indeed, in this
case it is more convenient to expand Schwinger kernel U(x, x′; s) not in an infinite power
series in s but in a power series in spinor supercovariant derivatives which is finite due
to anticommutation properties of spinor derivatives (we already know that the similar
situation takes place in three-dimensional superfield theories).
Really, in most cases operator ∆ in superfield theories looks like
∆ = ✷+
∑
Anm(D
α)n(D¯α˙)m ≡ ✷+ ∆˜ (4.129)
with ∆˜ is some background dependent operator (in most cases it contains only even
orders in spinor derivatives, here we consider this case), Anm are background dependent
coefficients. We introduce the object (cf. [31, 25]):
U(z, z′; s) = exp(is∆)δ8(z − z′) ≡ exp(is∆˜) exp(is✷)δ8(z − z′). (4.130)
The last identity is valid for studying of contributions which do not depend on space-time
derivatives of superfields, i.e. for the contributions to the effective potential. Then, we
suppose a natural initial condition
U(z, z′; s)|s=0 = δ8(z − z′).
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It is clear that exp(is✷)δ8(z − z′) = δ4(θ− θ′)U (0)(x, x′; s) where U (0)(x, x′; s) is given by
(4.127). Hence
U(z, z′; s) = exp(is∆˜)U (0)(x, x′; s)δ4(θ − θ′). (4.131)
Therefore we face the problem of calculating of the operator Ω = exp(is∆˜). The Ω satisfies
the equation
i
∂Ω
∂s
= −Ω∆˜. (4.132)
It is easy to see that Ω|s=0 = 1. We expand Ω into a finite power series in spinor
supercovariant derivatives (its finiteness is based on the anticommutation relations of the
derivatives, cf. [25]; the terms linear in Dα, D¯α˙ are not necessary for most of theories):
Ω = 1 +
1
16
A(s)D2D¯2 +
1
16
A˜(s)D¯2D2 +
1
8
Bα(s)DαD¯
2 +
1
8
B˜α˙(s)D¯
α˙D2 +
+
1
4
C(s)D2 +
1
4
C˜(s)D¯2, (4.133)
and substitute (4.133) into the equation (4.132). As a result we obtain some power
series in spinor derivatives in the right-hand side. Comparing coefficients at analogous
combinations of the derivatives in the right-hand side and in the left-hand side of the
equation (4.132) we get [25]
1
16
A˙ = Ω∆˜|D2D¯2 ;
1
8
B˙α = Ω∆˜|DαD¯2 ;
1
4
C˙ = Ω∆˜|D2 (4.134)
and analogous equations for A˜, B˜α˙, C˜. Here the dot denotes
1
i
∂
∂s
, and |D2 etc. denotes
coefficient at D2 etc. in the expansion of Ω∆˜. As a result we have a system of first-order
differential equations on coefficients determining structure of operator Ω. Since Ω|s=0 = 1,
we have natural initial conditions
A|s=0 = A˜|s=0 = Bα|s=0 = B˜α˙|s=0 = C|s=0 = C˜|s=0 = 0. (4.135)
The system (4.134) with initial conditions (4.135) can be solved in a manner similar to
a common system of differential equations. However, one must notice that this solution
can be exactly found only in special cases, for example, for the dependence of the heat
kernel only on background superfields but not on their derivatives, or for the dependence
on chiral background superfields only.
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Then, the Ω(s) (sometimes it is also called a heat kernel) can be used for calculation
of Green function as
G(z1, z2) = i
∫ ∞
0
dsΩU (0)(x, x′; s)δ4(θ − θ′) (4.136)
(note that Ω is a differential operator in superspace) and for calculation of one-loop
effective action as
Γ(1) =
i
2
∫ ∞
0
ds
s
∫
d8zd8z′δ8(z − z′)ΩU (0)(x, x′; s)δ4(θ − θ′). (4.137)
As usual,
∫
d8z =
∫
d4xd4θ, we also use the definition (4.127). Then, it is known that
δ4(θ− θ¯)D2D¯2δ4(θ− θ¯) = 16δ4(θ− θ¯), and all products of less number of spinor derivatives
give a zero trace. Hence only coefficients of (4.133) giving non-zero contribution to one-
loop effective action are A and A˜. And one-loop effective action looks like
Γ(1) =
i
2
∫ ∞
0
ds
s
∫
d4xd4θ(A(s) + A˜(s))U (0)(x, x′; s)|x=x′. (4.138)
As a result we developed technique for calculating background dependent propagators
and one-loop effective action. Application of this technique will be further considered for
examples of several theories. There exists an essential modification of this method for
supersymmetric gauge theories [68]. We discuss it further.
4.7 Problem of superfield effective potential
Effective potential in a standard quantum field theory is defined as the effective Lagrangian
considered at constant values of scalar fields, and other fields are put to zero. The effective
potential is used for studying of spontaneous symmetry breaking and vacuum stability
[32].
First, let us shortly describe effective potential in common quantum field theory. The
effective action has the form
Γ[φ] =
∫
d4x(−Veff (φ) + 1
2
Z(φ)∂mφ∂
mφ+ . . .), (4.139)
where Z(φ) is a some function of φ, and Veff(φ) is effective potential. For slowly varying
fields, therefore,
Γ[φ] = −
∫
d4xVeff(φ),
therefore effective potential is a low-energy leading term. It can be represented in the
form of loop expansion
Veff(φ) = V (φ) +
∞∑
n=1
h¯nV (n)(φ). (4.140)
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For example, consider the theory with action
S =
∫
d4x(−1
2
φ✷φ − V (φ)). (4.141)
After background-quantum splitting φ→ Φ + χ where Φ is background superfield and χ
is quantum one, we find the quadratic action of quantum superfields
S2 = −1
2
∫
d4xχ(✷+ V
′′
(Φ))χ, (4.142)
which leads to one-loop effective action Γ(1)[Φ] of the form
Γ(1)[Φ] =
i
2
Tr log(✷+ V
′′
(Φ)). (4.143)
Following the previous studies, we can express this trace of logarithm in the form of
diagrams:
✧✦
★✥
✧✦
★✥
✧✦
★✥
 ❅
. . .
Fig. 6
where external lines are V
′′
[Φ]. Internal lines correspond to − 1
✷
δ4(x1 − x2).
The complete effective potential is presented by a sum of contributions from these
supergraphs:
U (1) =
∞∑
n=1
1
2n
∫
d4k
(2π)4
(
V
′′
(Φ)
k2
)n = −
∫
d4k
(2π)4
log(1− V
′′
(Φ)
k2
), (4.144)
which after integration over d4k and subtraction of divergences is equal to (cf. [32])
U (1) = − 1
32π2
(V
′′
(Φ))2(log
V
′′
(Φ)
µ2
+ C), (4.145)
where C is some constant which can be fixed by imposing of some renormalization condi-
tions (see [32] for details in the case of λφ4 theory). The same result can be also obtained
via proper-time method.
Now we turn to a superfield case. Let Γ[Φ, Φ¯] be the (renormalized) effective action
for a theory of chiral and antichiral superfields. We can represent it as [25]
Γ[Φ¯,Φ] =
∫
d8zLeff (Φ, DAΦ, DADBΦ; Φ¯, DAΦ¯, DADBΦ¯) +
+ (
∫
d6zL(c)eff (Φ) + h.c.) + . . . (4.146)
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HereDAΦ, DADBΦ, . . . are spinor supercovariant derivatives of superfields Φ, Φ¯. The term
Leff is called general effective Lagrangian, and L(c)eff is called chiral effective Lagrangian.
Both these effective Lagrangians can be expanded into power series in supercovariant
derivatives of background superfields. The dots in this expression denote terms depending
on space-time derivatives of Φ, Φ¯. Further, the structure of the effective action (4.146)
will be considered as a standard one for the superfield theories. We note that since chiral
effective Lagrangian by definition depends only on Φ but not on D¯2Φ¯ all terms of the
form ∫
d6zΦn(D¯2Φ¯)m
using relation
∫
d6z(− D¯2
4
) =
∫
d8z can be rewritten as∫
d8zΦnΦ¯(D¯2Φ¯)m−1,
i.e. in the form corresponding to general effective Lagrangian. Therefore here and further
we consider all expressions which are formally chiral but involve (D¯2Φ¯)m as contributions
to general effective Lagrangian.
We note that all chiral contributions can be also represented as integral over whole
superspace (this observation has been made first time in [62]):
∫
d6zG(Φ) =
∫
d8z(−D
2
4✷
)G(Φ). (4.147)
Further, to recover the usual effective potential within the component approach we must
put scalar component fields to be constant, and spinor ones – to zero, f.e. in the Wess-
Zumino model we write
A = const, F = const, ψα = 0.
However, this condition is not supersymmetric, therefore we use condition of superfield
constant in space-time:
∂aΦ = 0. (4.148)
Since ∂a commutes with all generators of supersymmetry, this condition is supersymmet-
ric.
The effective potential is introduced as
Veff =
{
−
∫
d4θLeff − (
∫
d2θL(c)eff + h.c.)
}
|∂aΦ=∂aΦ¯=0. (4.149)
The minus sign is put by convention. We can introduce general effective potential
Leff |∂aΦ=∂aΦ¯=0 and chiral (or holomorphic) effective potential L(c)eff |∂aΦ=0. It is easy to
see that the general effective potential can be expressed as
Leff = K(Φ, Φ¯) + F(DαΦ, D¯α˙Φ¯, D2Φ, D¯2Φ¯; Φ, Φ¯) (4.150)
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with F|DαΦ,D¯α˙Φ¯,D2Φ,D¯2Φ¯=0 = 0. The K is called ka¨hlerian effective potential, and F is
called auxiliary fields’ effective potential, it is at least of third order in auxiliary fields of
Φ and Φ¯. These objects can be represented in the form of loop expansion:
K(Φ, Φ¯) = K0(Φ, Φ¯) +
∞∑
L=1
h¯LKL(Φ, Φ¯), (4.151)
F =
∞∑
L=1
h¯LFL, (4.152)
(the term corresponding to tree level, L = 0, in the expression for F is absent for theories
which do not include derivative depending terms in the classical action, such as the Wess-
Zumino model), and
L(c)eff(Φ) = L(c)(Φ) +
∞∑
L=1
h¯LL(c)L (Φ). (4.153)
Here KL, FL,L(c)L are quantum corrections. For the Wess-Zumino model, L(c)1 = 0, how-
ever, in some quantum theories (f.e. in N = 1 super-Yang-Mills theory with chiral matter)
a one-loop contribution to chiral effective potential exists [24].
The structure of the effective potential described by the equations (4.149–4.153) is
generic describing all theories of the chiral superfields (remind that within the phenomeno-
logical context, the matter is associated with chiral superfields since namely they involve
the scalar fields with an usual dynamics) including the noncommutative ones. However,
we note that effective potential in theories including gauge superfields must depend on
them in a special way. Really, the effective action in such theories should be expressed in
terms of some gauge convariant constructions, f.e. within background field method, the
gauge superfield is either incorporated to chiral superfields or presents in supercovariant
derivatives and gauge invariant superfield strengths [61, 31].
Let us give a few remarks about the method of calculation of the effective potential.
The best way for it is, of course, is based on the using of background dependent propa-
gators which are expressed in terms of common propagators and background superfields.
Background dependent propagators can be exactly found in certain cases. To calculate
ka¨hlerian effective potential and auxiliary fields’ effective potential one can straightfor-
wardly omit all space-time derivatives, moreover, to study ka¨hlerian effective potential
one can omit all supercovariant derivatives and treat background superfields as constants
until final integration. The calculation of chiral effective potential, however, is charac-
terized by some peculiarities. The best example for it is the Wess-Zumino model – the
simplest superfield theory. We will consider it in the next section.
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4.8 The Wess-Zumino model and a problem of the
chiral effective potential
Now we turn to consideration of superfield effective potential in Wess-Zumino model.
Here we follow the papers [66, 67, 25] and the book [31].
The superfield action of the Wess-Zumino model is given by (4.68). Following, as
usual, the loop expansion approach, we carry out background-quantum splitting by the
rule
Φ → Φ+
√
h¯φ;
Φ¯ → Φ¯ +
√
h¯φ¯. (4.154)
The standard expression defining effective action under such changes takes the form (here
Γ¯ =
∞∑
L=1
h¯LΓL), with ψ = m+ λΦ, ψ¯ = m+ λΦ¯:
e
i
h¯
Γ¯[Φ,Φ¯] =
∫
DφDφ¯ exp
( i
2
(
φφ¯
) ψ −14D¯2
−1
4
D2 ψ¯



 φ
φ¯

+
+ i
√
h¯(
λ
3!
φ3 + h.c.)
)
. (4.155)
The quadratic action of quantum superfields looks like
S(2) =
1
2
(
φφ¯
) ψ −14D¯2
−1
4
D2 ψ¯



 φ
φ¯

 . (4.156)
And the matrix superpropagator by definition is an operator inverse to

 ψ −14D¯2
−1
4
D2 ψ¯

 . (4.157)
We can see that this matrix superpropagator can be represented in the form
G(z1, z2) =

 G++(z1, z2) G+−(z1, z2)
G−+(z1, z2) G−−(z1, z2)

 . (4.158)
where + denotes chirality with respect to corresponding argument, and − correspondingly
– antichirality.
One can verify that in the Wess-Zumino model this matrix looks like
G(z1, z2) =
1
16

 D¯21D¯22Gψv (z1, z2) D¯21D22Gψv (z1, z2)
D21D¯
2
2G
ψ
v (z1, z2) D
2
1D
2
2G
ψ
v (z1, z2)

 . (4.159)
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where Gψv (z1, z2) = (✷+
1
4
ψD¯2 + 1
4
ψ¯D2)−1δ8(z1 − z2). Really, let us consider the relation
 ψ −14D¯2
−1
4
D2 ψ¯

 1
16

 D¯21D¯22Gψv (z1, z2) D¯21D22Gψv (z1, z2)
D21D¯
2
2G
ψ
v (z1, z2) D
2
1D
2
2G
ψ
v (z1, z2)

 = −

 δ+ 0
0 δ−

(4.160)
and act on both parts of this relation with the operator
 0 −14D¯2
−1
4
D2 0

 .
We get the following system of equations on components of matrix superpropagator G:
✷G++ − 1
4
D¯21(ψ¯G−+) = 0;
✷G−+ − 1
4
D21(ψG++) =
1
16
D21D¯
2
2δ
8(z1 − z2);
✷G−− − 1
4
D21(ψG+−) = 0;
✷G+− − 1
4
D¯21(ψ¯G−−) =
1
16
D¯21D
2
2δ
8(z1 − z2). (4.161)
A straightforward comparing shows that componentsG++, G+−, G−+, G−− given by (4.159)
satisfy this equation. Thus, we found matrix superpropagator (4.159) which will be used
for calculation of loop corrections.
Let us consider the one-loop effective action. Formally it has the form
Γ(1) = − i
2
Tr logG
where matrix superpropagator G is given by (4.159). However, straightforward calculation
of this trace is very complicated since the elements of this matrix are defined in different
subspaces. The one-loop effective action Γ(1) can be obtained from relation
eiΓ
(1)
=
∫
DφDφ¯ exp
( i
2
(
φφ¯
) ψ −14D¯2
−1
4
D2 ψ¯



 φ
φ¯

). (4.162)
Calculating of this path integral is essentially simplified by use of the trick [25] which
is also applied in many theories describing dynamics of chiral superfields. We consider
theory of real scalar superfield with action
S = − 1
16
∫
d8zvDαD¯2Dαv. (4.163)
The action is invariant under gauge transformations δv = Λ − Λ¯ (here Λ is chiral, and
Λ¯ is antichiral). According to Faddeev-Popov approach, the effective action W for this
theory can be introduced as
eiW =
∫
Dve−
i
16
∫
d8zvDαD¯2Dαvδ(χ). (4.164)
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Here δ(χ) is a functional delta function, and χ is a gauge-fixing function. We choose χ in
the form of column matrix
χ =

 14D2v − φ¯
1
4
D¯2v − φ

 .
Note that since supercovariant derivatives are not real we must impose two conditions,
and (4.164) takes the form
eiW =
∫
Dve−
i
16
∫
d8zvDαD¯2Dαvδ(
1
4
D2v − φ¯)δ(1
4
D¯2v − φ)det∆, (4.165)
where
∆ =

 −14D¯2 0
0 −1
4
D2


is a Faddeev-Popov matrix. We note thatW is constant by the construction. We multiply
left-hand sides and right-hand sides of (4.162) and (4.165) respectively, as a result we arrive
at
eiΓ
(1)+W =
∫
DφDφ¯Dv exp
( i
2
(
φφ¯
) ψ −14D¯2
−1
4
D2 ψ¯



 φ
φ¯

− i
16
vDαD¯2Dαv
)
×
× δ(1
4
D2v − φ¯)δ(1
4
D¯2v − φ)det∆. (4.166)
Integration over φ, φ¯ with use of delta functions leads to
eiΓ
(1)+W =
∫
DφDφ¯ exp
( i
2
∫
d8zv(✷− 1
4
ψD¯2 − 1
4
ψ¯D2)v
)
det∆. (4.167)
However, W and det∆ are constants which can be omitted. We also took into account
that 1
16
{D2, D¯2} − 1
8
DαD¯2Dα = ✷, hence the one-loop effective action is equal to
Γ(1) =
i
2
Tr log(✷− 1
4
ψD¯2 − 1
4
ψ¯D2) (4.168)
Here as usual ψ = m+ λΦ, ψ¯ = m+ λΦ¯. This one-loop effective action can be expressed
in form of Schwinger expansion:
Γ(1) =
i
2
Tr
∫ ∞
0
ds
s
exp(is(✷− 1
4
ψD¯2 − 1
4
ψ¯D2)), (4.169)
or, after manifest writing the trace,
Γ(1) =
i
2
∫
d8z1d
8z2
∫ ∞
0
ds
s
δ8(z1 − z2) exp(is(−1
4
ψD¯2 − 1
4
ψ¯D2))eis✷δ8(z1 − z2).(4.170)
We consider the heat kernel Ω(ψ|s) = exp(is(−1
4
ψD¯2 − 1
4
ψ¯D2)) ≡ eis∆. It evidently
satisfies the equation
∂Ω
∂s
= iΩ∆.
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It turns out to be that if we calculate ka¨hlerian effective potential, when all supercovariant
derivatives from background superfields ψ, ψ¯ are omitted, this equation can be easily
solved. We express Ω in the form (4.133). Then Ω∆ is equal to
Ω∆ = −1
4
ψD¯2 − 1
4
ψ¯D2 −
− 1
4
ψA˜✷D¯2 − 1
4
ψ¯A✷D2 +
+
1
4
B˜α˙ψ∂
αα˙DαD¯
2 − 1
4
Bαψ¯∂
αα˙D¯α˙D
2 −
− 1
16
ψ¯C¯D¯2D2 − 1
16
ψCD2D¯2. (4.171)
Comparing coefficients at analogous derivatives in 1
i
∂Ω
∂s
and Ω∆ we get the following
system of equations
A˙ = −ψC;
B˙α = 2iB˜α˙ψ∂
αα˙;
C˙ = −ψ¯ − ψ¯A✷. (4.172)
System for A˜, B˜, C˜ has the analogous form with changing ψ → ψ¯, A → A˜ etc. Here dot
denotes 1
i
∂
∂s
≡ ∂
∂s˜
, and s˜ = is. Since Ω|s=0 = 1, and all terms in expansion of Ω (4.133)
are evidently linearly independent, natural initial conditions are
A = A˜ = Bα = B˜α˙ = C = C˜|s=0 = 0. (4.173)
We find that the system of equations for Bα and B˜α˙ is closed (it is isolated from the whole
system (4.172)) and homogeneous. The initial conditions above make its only solution to
be zero, Bα, B˜α˙ = 0. The remaining from (4.172) system for A and C (and analogous one
for A˜ and C˜) can be easily solved like a standard system of common first-order differential
equations. Its solution looks like
C = −
√√√√ ψ¯✷
ψ
(A10 exp(iωs)− A20 exp(−iωs))
A = A10 exp(iωs) + A
2
0 exp(−iωs)−
1
✷
(4.174)
Here ω =
√
ψψ¯✷. Imposing initial conditions (4.173) allows to fix coefficients A10, A
2
0. As
a result we get
C = −
√√√√ ψ¯
ψ✷
sinh(is
√
ψψ¯✷)
A =
1
✷
[cosh(is
√
ψψ¯✷)− 1] (4.175)
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Since A is symmetric with respect to change ψ → ψ¯ we find that A = A˜. We note that
only A and A˜ contribute to trace in (4.170). Therefore one-loop ka¨hlerian contribution
to effective action is equal to
Γ
(1)
K = i
∫
d4xd4θ
∫ ∞
0
ds˜
s˜
1
✷
[cosh(s˜
√
ψψ¯✷)− 1]U (0)(x, x′; s)|x=x′. (4.176)
Here U (0)(x, x′; s) is given by (4.127). This function satisfies the equation (see section
4.6):
✷
nU (0)(x, x′; s)|x=x′ = −i( ∂
∂s˜
)n
1
16π2s˜2
.
We expand (4.176) into power series:
1
✷
[cosh(s˜
√
ψψ¯✷)− 1] =
∞∑
n=0
s˜2n+2
(ψψ¯)n+1
(2n+ 2)!
✷
n.
And
Γ
(1)
K = i
∫
d4xd4θ
∫ ∞
0
ds˜
s˜
∞∑
n=0
s˜2n+2
(ψψ¯)n+1
(2n+ 2)!
✷
nU (0)(x, x′; s)|x=x′ =
= −i
∫
d4xd4θ
∫ ∞
0
ds˜
s˜
∞∑
n=0
s˜2n+2
(ψψ¯)n+1
(2n+ 2)!
(
∂
∂s˜
)n
−i
16π2s˜2
=
= − 1
32π2
∫
d8z
∫ ∞
L2
ds˜
s˜2
∞∑
n=0
(−1)n (s˜ψψ¯)
n+1(n+ 1)!
(2n+ 2)!
. (4.177)
Here we cut the integral at the lower limit by introducing L2 for regularization. We make
the change s˜ψψ¯ = t. As a result, the one-loop ka¨hlerian effective potential takes the form
K(1) = − 1
32π2
ψψ¯
∫ ∞
ψψ¯L2
dt
t2
∞∑
n=0
(n+ 1)!tn+1(−1)n
(2n+ 2)!
(4.178)
Then,
∞∑
n=0
(n+1)!tn+1(−1)n
(2n+2)!
= t
∫ 1
0 due
− t
4
(1−u2). Hence
K(1) = − 1
32π2
ψψ¯
∫ ∞
ψψ¯L2
dt
t
∫ 1
0
due−
t
4
(1−u2). (4.179)
At L2 → 0 this integral tends to
K(1) = − 1
32π2
ψψ¯ log(µ2L2)− 1
32π2
ψψ¯(log
ψψ¯
µ2
− ξ). (4.180)
where ξ is some constant which can be absorbed into redefinition of µ. We can add the
counterterm 1
32π2
ψψ¯ log(µ2L2) to cancel the divergence. Such a counterterm corresponds
to a usual renormalization of kinetic term by the rule
Φ→ Z1/2Φ; Z = 1 + λ
2
32π2
log(µ2L2). (4.181)
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And the renormalized ka¨hlerian effective potential is
K(1) = − 1
32π2
ψψ¯(log
ψψ¯
µ2
− ξ). (4.182)
Another way for calculating of the ka¨hlerian effective potential consists in summarizing
of contributions from supergraphs given by Fig. 5. Sum of these contributions looks like
[69]
K(1) =
∫
d4k
(2π)4
∫
d4θ1 . . . d
4θ2n
∞∑
n=1
1
2n
(ψψ¯
k4
)nD2
4
δ12
D¯2
4
δ23 . . .
D2
4
δn−1,n
D¯2
4
δn1. (4.183)
which after D-algebra transformations and summation looks like
K(1) = µǫ
∫ d4−ǫk
(2π)4−ǫ
1
2k2
log(1 +
ψψ¯
k2
) (4.184)
(here we carried out a dimensional regularization by introducing the parameter ǫ). Inte-
gration leads to
K(1) =
1
32π2
[
ψψ¯
ǫ
− ψψ¯ log ψψ¯
eµ2
] (4.185)
where e = exp(1). A subtraction of the divergence and a redefinition of µ leads to the
result (4.182).
Now we turn to calculation of the chiral effective potential. It is not equal to zero for
massless theories. Really, as it was noted by West [62] the mechanism of arising chiral
corrections is the following one. If the theory describes dynamics of chiral and antichiral
superfields, then quantum correction of the form
∫
d8zf(Φ)(−D
2
4✷
)g(Φ) (4.186)
can be rewritten as ∫
d6zf(Φ)g(Φ). (4.187)
Here we used properties
∫
d8z =
∫
d6z(−D2
4
) and D¯2D2Φ = 16✷Φ (last identity is true
for any chiral superfield Φ), and f(Φ), g(Φ) are arbitrary functions of chiral superfield Φ.
However, presence of factor ✷−1 is characteristic for massless theories, in massive theories
where we have (✷ − m2)−1 instead of ✷−1, and this mechanism of arising contributions
to chiral effective potential does not work. We note that this situation is rather generic,
that is, the perturbative contributions to the chiral effective potential can arise only
if all propagators are massless (except of very rare situations where the integral over
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massive propagators completely factorizes out giving only a constant with no dependence
on external momenta). Actually, namely this effect is crucial to prove the Goldstone
theorem in noncommutative superfield theories [63] which is related with the statement
of absence of Φ2 corrections in theories with chiral self-couplings.
In the case of massless theory we can find matrix superpropagator (4.159) exactly:
first,
Gψv (z1, z2) = (✷+
1
4
ψD¯2)−1δ8(z1 − z2) = 1
✷1
δ8(z1 − z2)−
− 1
✷1
ψ(z1)
D¯21
4✷1
δ8(z1 − z2). (4.188)
The higher terms in this expansion are equal to zero because they are proportional to
D¯2ψ = 0 or D¯4 = 0. It follows straightforwardly from this expression that Tr lnGψv = 0,
therefore, the one-loop effective potential in the Wess-Zumino model identically vanishes.
The components of matrix superpropagator (4.159) look like
G++ = 0;G+− = G∗−+ =
D¯21D
2
2
16✷
δ8(z1 − z2)
G−− = − D
2
1
4✷1
[ψ(z1)
D¯21D
2
2
16✷
δ8(z1 − z2)]. (4.189)
Here ∗ denotes complex conjugation. We note that background chiral superfield ψ is not
constant, otherwise when we arrive at expression proportional to D2ψ we get singularity 0
0
[66]. The only two-loop contribution to chiral effective potential is given by the following
supergraph
Fig.7
|
D¯2
|
|¯
D2
D¯2
D2
D2
D2
D2
−
−
−
−
External lines are chiral. We use representation in which Φ(z) = Φ(x, θ), and D¯α˙ = − ∂∂θ¯α˙ .
Remind that in this case ψ = λΦ.
The contribution of the supergraph given in the Fig.7 looks like
I =
λ5
12
∫
d4p1d
4p2
(2π)8
d4kd4l
(2π)8
∫
d4θ1d
4θ2d
4θ3d
4θ4d
4θ5Φ(−p1, θ4)Φ(−p2, θ5)×
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× Φ(p1 + p2, θ3) 1
k2l2(k + p1)
2(l + p2)
2(l + k)2(l + k + p1 + p2)
2 ×
× δ13 D¯
2
3
4
δ32
D21D¯
2
4
16
δ14
D24
4
δ42
D21D¯
2
5
16
δ15
D25
4
δ52. (4.190)
After D-algebra transformation this expression can be written as
I =
λ5
12
∫
d4p1d
4p2
(2π)8
d4kd4l
(2π)8
∫
d2θΦ(−p1, θ)Φ(−p2, θ)Φ(p1 + p2, θ)×
× k
2p22 + l
2p21 + 2(kl)(p1p2)
k2l2(k + p1)
2(l + p2)
2(l + k)2(l + k + p1 + p2)
2 . (4.191)
Here we made transformation
∫
d4θ =
∫
d2θ(−1
4
D¯2) and took into account that
D¯2D2Φ(p, θ) = −16p2Φ(p, θ).
As we know, the effective potential is the effective Lagrangian for superfields slowly
varying in space-time. Let us study behaviour of the expression (4.191) in this case. The
contribution (4.191) can be expressed as
I =
λ5
12
∫
d2θ
∫
d4p1d
4p2
(2π)8
Φ(−p1, θ)Φ(−p2, θ)Φ(p1 + p2, θ)S(p1, p2). (4.192)
Here p1, p2 are external momenta, and
S(p1, p2) =
∫
d4kd4l
(2π)8
k2p22 + l
2p21 + 2(kl)(p1p2)
k2l2(k + p1)
2(l + p2)
2(l + k)2(l + k + p1 + p2)
2 . (4.193)
After Fourier transform eq. (4.192) has the form
I =
λ5
12
∫
d2θ
∫
d4x1d
4x2d
4x3
∫
d4p1d
4p2
(2π)8
Φ(x1, θ)Φ(x2, θ)×
× Φ(x3, θ) exp[i(−p1x1 − p2x2 + (p1 + p2)x3)]S(p1, p2). (4.194)
Since superfields in the case under consideration are slowly varying in space-time we can
put Φ(x1, θ)Φ(x2, θ)Φ(x3, θ) ≃ Φ3(x1, θ).. As a result one gets
I =
λ5
12
∫
d2θ
∫
d4x1d
4x2d
4x3
∫
d4p1d
4p2
(2π)8
Φ3(x1, θ)×
× exp[i(−p1x1 − p2x2 + (p1 + p2)x3)]S(p1, p2). (4.195)
Integration over d4x2d
4x3 leads to delta-functions δ(p2)δ(p1 + p2). Hence the eq. (4.194)
takes the form
I =
λ5
12
∫
d2θ
∫
d4x1Φ
3(x1, θ)S(p1, p2)|p1,p2=0. (4.196)
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Therefore final result for two-loop correction to chiral (frequently called holomorphic)
effective potential looks like
W (2) =
λ5
2(16π2)2
ζ(3)Φ3(z), (4.197)
where we took into account that (cf. [71, 23])
S(p1, p2)|p1,p2=0 =
∫
d4kd4l
(2π)8
k2p22 + l
2p21 + 2(kl)(p1p2)
k2l2(k + p1)
2(l + p2)
2(l + k)2(l + k + p1 + p2)
2 |p1=p2=0 =
=
6
(4π)4
ζ(3). (4.198)
We see that the correction (4.197) is finite and does not require any renormalization.
Actually, it follows from [71] that a whole class of two-loop finite supergraphs yields
contributions proportional to ζ(3). In principle, all finite two-loop contributions to the
chiral effective potential in the super-Yang-Mills theory which we consider below have
just this structure hence they are proportional to ζ(3).
The situation in N = 1 super-Yang-Mills theory, however, possesses some peculiarities.
First of all, in this theory the one-loop contribution to the chiral effective potential is
nontrivial. It is described by the supergraph
Fig.8
|
−
D2
−
D2
D¯2
It was shown in [24] that the contribution of this diagram, after simple D-algebra
transformations, looks like
L(1)c = −
1
16π2
C0λdecg
2(T I)da(T
I)eb
∫
d6zΦa(z)Φb(z)Φc(z), (4.199)
where
C0 =
∫ 1
0
dα
lnα(1− α)
1− α(1− α) (4.200)
is a finite constant. There is no other one-loop contributions to the chiral effective poten-
tial.
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As for the two-loop order, both finite and divergent two-loop chiral contributions in
this theory are possible. First, the finite ones depicted at Figs. 9a-9g.
Fig.9a
|
D¯2
|
|
D2
D¯2
D2
D2 D2
D¯2
− | −−
Fig.9b
|
D2
|
|
D2
D2
D¯2Dα
Dα
D¯2
D¯2
−
−
−
−
Fig.9c
|
|
D2
D¯2
D2 D2
D¯2
− −
−
Fig.9d
|
|
D2
D2
D2 D¯2
D¯2
| −−
Fig.9e
|
− −
D2 D2
D¯2
D2
D¯2
D2
D¯2
−
−
−
−
Fig.9f
|
|
D¯2
|
D2
D2
D¯2
D2
D¯2
D2
|−
−
|
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Fig.9g
|
|
D2
|
D¯2
D2
D¯2
D2
D¯2
D2
− | −|
Second, the divergent ones are depicted at Figs. 9h–9m.
Fig.9h
−D¯2 −D2 −D¯2 −D2
|
D2
Fig.9i
||
D2
|
D2
D¯2
D2
D¯2
D¯2
D2
| |
− −
Fig.9j
||
D2
|
D2
D¯2
D2
D¯2
D¯2
D2
− −| |
Fig.9k
||
D2
|
D2
D¯2
Dβ
D¯2Dβ
D¯2Dα
Dα
−
−
−
−
Fig.9l
||
D2
|
D2
D¯2
D2
D¯2
D¯2
D2
−
−
−
−
Fig.9m
||
D¯2
|
D2
D2
D2
D2
D¯2
D¯2
−
−
−
−
Here we use the Feynman gauge for the propagators of the gauge field, to avoid the
infrared singularities. Contributions of all finite diagrams to the effective potential can
be shown to be proportional to ζ(3)
(4π)4
Φ3 (the corresponding integral over momenta looks
similarly to (4.198) and yields just this result) being analogous to the case of Wess-Zumino
model and matching the class of contributions described in [71].
As an example of the divergent contribution we will consider the supergraph given by
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Fig. 9h. It is, after D-algebra transformation, proportional to
∫
d2θ
∫
d4p1d
4p2
(2π)8
(p1 + p2)
2
∫
d4kd4l
(2π)8
1
k2(k + p1)2(k + p2)2
×
× 1
l2(l + p1 + p2)2
Φ(−p1, θ)Φ(−p2, θ)Φ(p1 + p2, θ). (4.201)
To obtain the low-energy leading contribution we must consider the limit at p1, p2 → 0.
It is known [24] that
lim
p1,p2→0
(p1 + p2)
2
∫
d4k
(2π)4
1
k2(k + p1)2(k + p2)2
=
1
16π2
∫ 1
0
dα
log[α(1− α)]
1− α(1− α) =
C0
16π2
,
where C0 is the finite constant given by (4.200). The integral over l is divergent, and after
dimensional regularization it is equal to
∫
d4−ǫl
(2π)4−ǫ
1
l2(l + p1 + p2)2
=
1
16π2
(
2
ǫ
+ log
(p1 + p2)
2
µ2
).
After cancellation of divergence with help of the appropriate one-loop counterterm and
transforming to coordinate representation we see that expression (4.201) for slowly varying
in space-time superfields takes the form
∫
d6z
1
(16π2)2
Φ2(z) log(−✷
µ2
)Φ(z). (4.202)
Carrying out the calculations for all supergraphs above we conclude that the leading
chiral correction in N = 1 super-Yang-Mills theory with chiral matter is nonlocal. Its
complete form, after subtracting of the corresponding counterterms, is
Γ˜(2)c =
g2
(4π)4
{ζ(3)[65g2(λimn(TKT ITK)nk(T I)mj + λlnp(T ITK)pk(T I)li(TK)nj +
+ λimn(T
ITK)nk{TK , T I}mj ) + 4× 63(T IT J)li(T J)mk (λlmp(T I)pj +
+ λljp(T
I)pm)] + 3× 64[
λimlg
2
3!
(
1
64
− 4)(TK)ab (T I)cd(TK)mj (T I)lk ×
× [(TL), (TN)]ba[(TL), (TN)]dc +
λrnlλrnsλskm
(3!)3
(T I)li(T
I)mj +
+ λsnpg
2(TK)si (T
K)pk(T
I)nm(T
I)mj +
+ λirpg
2(T I)mn (T
K)nm(T
I)pk(T
K)rj ](1− γ)C0 +
+ 2× 64λiml
2!3!
g2(TK)sp(T
K)pk(T
I)ls(T
I)mj (1−
γ
2
C0)} ×
×
∫
d6zΦi(z)Φj(z)Φk(z)−
− 2g
4
(4π)4
64
λiml
2!3!
(TK)sp(T
K)pk(T
I)ls(T
I)mj
∫
d6zΦi(z)Φj(z)[ln
(
−✷
µ2
)
]Φk(z)−
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− 3× 64{
∫
d2θ
d4p1d
4p2
(2π)8
[
λimlg
4
3!
(
1
64
− 4)(TK)ab(T I)cd(TK)mj (T I)lk ×
× [(TL), (TN)]ba[(TL), (TN)]dc + λirpg4(T I)mn (TK)nm(T I)pk(TK)rj +
+
λrnlλrnsλskmg
2
(3!)3
(T I)li(T
I)mj + λsmpg
4(T I)mn (T
I)nj (T
K)pk(T
K)si ]} ×
×
∫ 1
0
dβdα[ln
p21β(1− β) + p22α(1− α)− 2p1p2αβ
µ2(1− α− β) ]× (4.203)
× (p1 + p2)
2
p21β(1− β) + p22α(1− α)− 2p1p2αβ
Φi(−p1, θ)Φj(−p2, θ)Φk(p1 + p2, θ).
This result is found for the super-Yang-Mills theory with an arbitrary non-Abelian gauge
group. In the particular case of the SU(N) group, the result reduces to
Γ˜(2)c = a1λijkg
4
∫
d6zΦi(z)Φj(z)Φk(z) +
+ a2λijkg
4
∫
d6zΦi(z)Φj(z)[ln(− ✷
µ2
)]Φk(z) +
+ λrnjλrnsλskig
2
(
a3
∫
d6zΦi(z)Φj(z)Φk(z) +
+ a4
∫
d6zΦi(z)Φj(z)[ln(−✷
µ2
)]Φk(z)
)
. (4.204)
Here the constants a1, a2, a3, a4 are equal to
a1 =
1
(4π)4
{ζ(3)[65(−N − 1
2N2
+
1
4
(1− 1
N
)2 +
1
4
(N + 1− 2
N
)) +
= 2× 63(1− 1
N
)2] + 3× 64[ 1
3!
N − 1
2
(
1
256
− 1) +
+
(N2 − 1)(N − 1)
4N2
+
N − 1
4N
](1− γ
2
)C0 +
+ 63
(N2 − 1)(N − 1)
4N2
(1− γ
2
)C0} −
− C
(4π)4
3× 64{ 1
3!
(
1
256
− 1)N − 1
2
+
(N − 1)(N2 − 1)
4N2
+
N − 1
4N
};
a2 = −63 1
(4π)4
(N − 1)(N2 − 1)
4N2
− (4.205)
− C0
(4π)4
3× 64{ 1
3!
(
1
256
− 1)N − 1
2
+
(N − 1)(N2 − 1)
4N2
+
N − 1
4N
};
a3 = (1− 1
N
)
9
(4π)4
(C + (1− γ
2
)C0);
a4 = (1− 1
N
)
9
(4π)4
C0,
and
C =
∫ 1
0
dβdα[ln
p21β(1− β) + p22α(1− α)− 2p1p2αβ
(p1 + p2)2(1− α− β) ]×
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× (p1 + p2)
2
p21β(1− β) + p22α(1− α)− 2p1p2αβ
|p1,p2→0. (4.206)
We note that nonlocal corrections in the super-Yang-Mills theory arise also in the pure
gauge sector [70].
This nonlocality is a natural consequence of the presence of the UV divergence. How-
ever, treating the problem of the possible renormalization of the chiral effective potential
(to the best of our knowledge, it was not discussed yet in scientific literature), one must,
first, note that the divergence in the two-loop chiral effective potential is caused by the
one-loop divergent contributions to the two- and three-point functions involving the gauge
superfield. In the maximal, N = 4 supersymmetric case, these divergences must mutually
cancel (for the two-point function, both of gauge and chiral superfields, such a cancel-
lation has been explicitly shown in [22], see also [2]). It allows to conclude that in the
“complete”, N = 4 super-Yang-Mills theory, no such a nonlocality arises. Another way
for interpretation of this situation can be related with the concept of the Wilsonian ef-
fective action [72] whose use naturally introduces an infrared cutoff parameter Λ with a
subsequent replacement of the nonlocal factor ln(− ✷
µ2
) in (4.204) by a constant ln(Λ
2
µ2
),
thus, this expression acquires an usual local form of the chiral effective potential.
Chiral contributions to effective action arise also in other theories describing dynamics
of chiral superfields. F.e. in general chiral superfield theory the leading chiral contribution
is also chiral effective potential (see next section), in the higher-derivative field theory
leading chiral contribution is of second order in space-time derivatives of chiral superfield
(see section 4.10), and these corrections are finite.
We conclude that the presence of quantum contributions to chiral effective Lagrangian
is quite characteristic for theories including chiral superfields.
4.9 General chiral superfield model
In the previous section, we have studied the Wess-Zumino model, that is, the simplest
example of the theory describing a dynamics of the chiral multiplet. The natural question
is the possibility for constructing of the most generic model for the chiral superfield. Such a
model naturally arises within the context of the superstring theory, from which viewpoint,
low-energy effective field theory models represent themselves as effective theories where the
integration over massive string modes is carried out, and the ten-dimensional background
manifold, where the dynamics of the superstring takes place, has the form M4 × K
where M4 is the usual four-dimensional Minkowski space, and K is some six-dimensional
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compact manifold. The theory reduced to M4 is described by the action [1]
S[Φ, Φ¯] =
∫
d8zK(Φi, Φ¯i) + (
∫
d6zW (Φi) + h.c.). (4.207)
We can use matrix notations via introduction of column vector ~Φ = {Φi}, after which
the consideration in the case of several chiral superfield is analogous to the case of one
chiral superfield (some extensions of this model involving the gauge superfields are given
in [73]). We can consider this theory for arbitrary functions K and W . Note that there
is no higher derivatives in the classical action. Therefore the theory with the action
(4.207) is the most general theory without higher derivatives describing a dynamics of a
chiral superfield. There are a lot of phenomenological applications of this model in string
theory (see [73] and references therein). In general case this theory is nonrenormalizable;
however, it must be treated as an effective theory aimed for studying of the low-energy
domain. Therefore all integrals over momenta effectively involve natural cutoff by the
condition p ≪ MString where p is momentum, and MString = 1017GeV ∼ 10−2MP l is a
characteristic string mass.
The effective action in the theory, as well as that one in the Wess-Zumino model,
can be presented as a series in supercovariant derivatives DA = (∂a, Dα, D¯α˙) in the form
(4.149–4.153) being described by the same objects, that is, ka¨hlerian effective potential
Keff , auxiliary fields’ effective potential Feff and the chiral (or holomorphic) effective
potential Weff .
The one-loop contribution to the effective action is totally determined by the quadratic
part of expansion of 1
h¯
S[Φ¯ +
√
h¯φ¯,Φ+
√
h¯φ] in quantum fields φ, φ¯ which looks like
S2 =
1
2
∫
d8z
(
φ φ¯
) KΦΦ KΦΦ¯
KΦΦ¯ KΦ¯Φ¯



 φ
φ¯

+ [∫ d6z1
2
W
′′
φ2 + h.c.] (4.208)
and defines the propagators and the the higher terms of expansion define the vertices.
Here KΦΦ¯ =
∂2K(Φ¯,Φ)
∂Φ∂Φ¯
, KΦΦ =
∂2K(Φ¯,Φ)
∂Φ2
etc, W
′′
= d
2W
dΦ2
.
The corresponding matrix superpropagator has the form
G(z1, z2) =

 G++(z1, z2) G+−(z1, z2)
G−+(z1, z2) G−−(z1, z2)

 (4.209)
where + denotes chirality with respect to corresponding argument, and − correspondingly
– antichirality. This propagator, in the case when all derivatives of superfields Φ, Φ¯ are
omitted (that is just the case of the ka¨hlerian effective potential), satisfies the equation
 W ′′ −14KΦΦ¯D¯2
−1
4
KΦΦ¯D
2 W¯
′′



 G++(z1, z2) G+−(z1, z2)
G−+(z1, z2) G−−(z1, z2)

 = −

 δ+ 0
0 δ−

 . (4.210)
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The solution of this equation looks like
G =
1
K2
ΦΦ¯
✷−W ′′W¯ ′′

 W¯ ′′ 14KΦΦ¯D¯2
1
4
KΦΦ¯D
2 W
′′



 δ+ 0
0 δ−

 . (4.211)
Now we turn to studying of quantum contributions to ka¨hlerian effective potential de-
pending only on superfields Φ, Φ¯ but not on their derivatives.
The one-loop diagrams contributing to ka¨hlerian effective potential are
✧✦
★✥
✧✦
★✥
Fig.10
✧✦
★✥
  ❅
❅  
. . .
Double external lines correspond to alternating W ′′ and W¯ ′′. Internal lines are the
background dependent < φφ¯ >-propagators of the form
G0 ≡< φφ¯ >= − D¯
2D2
16KΦΦ¯✷
δ8(z1 − z2). (4.212)
We note that this propagator is valid for calculating not only of the Ka¨hlerian potential
but also of the chiral one. It can be obtained in two ways. The first way consists in a
summation:
= +
.
.
.
.
+ . . .| |
D2 D¯2
| |
D2 D¯2
| |
D2 D¯2
| |
D2 D¯2
Here dashed-and-dotted vertical line is the external field KΦΦ¯ − 1 taken in the chiral
case Φ¯ = 0, and the propagator is usual −D¯21D22 δ
8(z1−z2)
16✷
: both if the external field is
constant or if it is chiral, we have that the sum of the contributions (with integrals in
internal points are assumed where it is necessary) above is
∞∑
n=0
−D¯
2D2
16✷
[−(KΦΦ¯ − 1)
D¯2D2
16✷
]nδ8(z1 − z2) = − D¯
2
1D
2
2
16KΦΦ¯(z1)✷
δ8(z1 − z2), (4.213)
which proves (4.212).
In another manner, the result (4.212) can be proved through the definition of the new
chiral field φ′ = KΦΦ¯φ (indeed, in this case KΦΦ¯ is either constant or chiral, so, φ
′ can be
treated to be chiral as well, so that the free action acquires the form Sf =
∫
d8zφ′φ¯ which
yields < φ′(z1)φ¯(z2) >= − D¯
2
1D
2
2
16✷
δ8(z1 − z2), which, in its part, yields (4.212).
Supergraph of the structure depicted at Fig. 10, with 2n legs represents itself as a
ring containing n links of the following form
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D¯2
|
D2
|
W ′′ W¯ ′′
Carrying out the calculations in the same way as in the previous section (see for the
details [74, 77]), we find that the total contribution of all these diagrams after D-algebra
transformations, summation, integration over momenta and subtraction of divergences is
equal to
K(1) = − 1
32π2
tr
W ′′W¯ ′′
K2
ΦΦ¯
ln
(W ′′W¯ ′′
µ2K2
ΦΦ¯
)
. (4.214)
This form is more convenient for analysis of many-field model than that one given in
[59, 74], and tr denotes trace of product of the given matrices. It is easy to show that the
present result reduces to the known expression for the Wess-Zumino model (4.182), for
the choice W ′′ = λΦ.
Let us consider the chiral (holomorphic) effective potential Weff(Φ). The mechanism
of its arising is just the same than in Wess-Zumino model. We note again that the chiral
contributions to effective action can be generated by supergraphs containing massless
propagators only. To find chiral corrections to effective action we put Φ¯ = 0 in eq.
(4.208). Therefore here and further all derivatives of K, W and W¯ in (4.208) will be
taken at Φ¯ = 0. We call the theory massless if W
′′ |Φ=0 = 0. Further we consider only
massless theory and follow [75].
To construct the supergraphs which yield chiral contributions one splits the action
(4.208) into sum of free part and vertices of interaction. As a free part we take the
action S0 =
∫
d8zKΦΦ¯φφ¯. And the term S[φ¯, φ,Φ]− S0 will be treated as vertices where
S[φ¯, φ,Φ] is given by eq. (4.208). Our purpose is to find the first leading contribution to
Weff(Φ). The straightforward inspection shows that there is no one-loop contributions
to the chiral effective potential. As we will show, chiral loop contributions begin with
two loops. Therefore we keep in eq. (4.208) only the terms of second, third and fourth
orders in quantum fields. Also, the vertex KΦΦφ
2 evidently yields zero contribution to the
chiral effective potential. As for the vertices KΦ¯Φ¯φ¯
2, they cannot contribute to the chiral
effective potential as it follows from a straightforward calculation of numbers of quantum
fields φ, φ¯ (which should be equal) and D-factors [75].
As a result we find that the only two-loop supergraph contributing to chiral effective
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potential looks like
Fig.11
|
D¯2
|
|¯
D2
D¯2
D2
D2
D2
D2
−
−
−
−
In the Fig. 11, double external lines are W ′′. Here internal lines are propagators
< φφ¯ > depending on background chiral superfields which have the form (4.212), where,
however, the superfield KΦΦ¯ is not restricted to be a constant more.
After D-algebra transformations and loop integrations completely analogous to those
ones of the previous section we find that two-loop contribution to holomorphic effective
potential in this model looks like
W (2) =
1
2(16π2)2
ζ(3)λ2
{ W ′′(z)
K2
ΦΦ¯
(z)
}3
. (4.215)
One reminds that λ = W¯
′′′
(Φ¯)|Φ¯=0 and KΦΦ¯(z) = ∂
2K(Φ¯,Φ)
∂Φ∂Φ¯
|Φ¯=0 here. We see that the
correction (4.215) is finite and does not require renormalization in any case despite the
theory is non-renormalizable in general case. In the case of the Wess-Zumino model it
reduces to (4.197).
We note that the calculation of two-loop ka¨hlerian effective potential can be carried
out with help of matrix superpropagator (4.211). The results are given in [59, 74].
Now let us consider some phenomenological applications of the theory characterized
by the action (4.207). Let us suppose that the column vector ~Φ describes two superfields:
the light (massless) one φ and the heavy one Φ, ~Φ =

 φ
Φ

. For this case, we find the
one-loop effective action and eliminate heavy superfields with use of effective equations
of motion. As a result we arrive at the effective action of light superfields. There is a
decoupling theorem [65, 76] according to which this effective action after redefining of
parameters, such as fields, masses, couplings, can be expressed in the form of a sum of
effective action of the theory obtained from initial one by putting heavy fields to zero and
terms proportional to different powers of 1
M
whereM is mass of heavy superfield (which in
the case under consideration is put, by phenomenological reasons, to be equal to MString
[73, 74]).
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We study such a theory in one-loop approximation. The low-energy leading one-loop
contribution to effective action is given by (4.214). In principle, one can proceed with
diagonalization of the matrices KΦΦ¯ =
∂2K
∂Φi∂Φ¯j
and W ′′ = ∂
2W
∂Φi∂Φj
. However, within this
review let us restrict ourselves by a qualitative description of the situation only.
We consider, as a didactic example, the minimal theory a bit different from that one
used [77] with
K = φφ¯+ ΦΦ¯; W =
M
2
Φ2 +
λ
2
φΦ2 +
g
3!
φ3. (4.216)
Let us for simplicity consider the situation when the heavy superfield Φ is a purely quan-
tum one, and the light superfield φ is a purely background one. In this case the quadratic
action of Φ looks like
S2 =
∫
d8zΦΦ¯ + (
1
2
∫
d6z(M + λφ)Φ2 + h.c.) (4.217)
It is evident that this action identically replays the quadratic action of the quantum
fields in an usual Wess-Zumino model after the background-quantum splitting (besides of
(4.208), see also the previous section and [25]). So, the renormalized one-loop contribution
to the low-energy effective action is given by the result (4.214) at K(Φ,Φ) = ΦΦ¯, which
takes the form
K
(1)
Φ = −
1
32π2
(M + λφ)(M + λφ¯) ln
(M + λφ)(M + λφ¯)
µ2
. (4.218)
We expand it in power series in 1
M
, with µ′ = αµ, and α is a some number:
K
(1)
Φ = −
1
32π2
λ2φφ¯ ln
M2
µ′2
+O(
1
M
). (4.219)
We see that this expression involves the term ln M
2
µ2
. It is clear that this term is not
suppressed at M → ∞ but instead of this, increases as M grows. Moreover, if one
suggests that the light field φ is not purely external but possesses a nontrivial quantum
dynamics, its one-loop Ka¨hlerian effective potential is
K
(1)
φ = −
1
32π2
g2φφ¯ ln
g2φφ¯
µ2
, (4.220)
and if we fix the normalization parameter as µ = αM , we see that in this case, instead
of the contribution (4.219), the (4.220) will grow as M → ∞. The same situation can
be verified as well for the models involving light and heavy fields in different situations
(presence of nonminimal couplings, nontrivial quantum and background parts both for
light and heavy fields etc.) [77].
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To argue the existence of these contributions increasing with growth of M in a gen-
eral case, one can notice as well the following facts. First, if the theory involve a cubic
self-coupling of the light (massless) chiral superfield φ with a coupling g, the one-loop
effective action will involve the term c
∫
d8zg2φφ¯ ln g
2φφ¯
µ2
, where c is a some finite number,
and µ is a renormalzation scale (if this self-coupling is not cubic but a generic function
V (φ), the theory turns out to be non-renormalizable, but the corresponding contribution
to the one-loop effective action can be obtained through a straightforward replacement
φ → V ′′(φ)). At the same time, the sector in which the light φ is coupled to the heavy
Φ, in the case of the theory with divergences, certainly will yield, among other terms,
the contribution b
∫
d8zφφ¯ ln M
2
µ2
, where b is also finite (this contribution is always present
if the corresponding supergraphs involve massive propagators), as we already showed.
Therefore, either this contribution increases with growth of M , or, if one fixes the pa-
rameter µ imposing the condition M = µ (or M = bµ, with constant b), the one-loop
contribution of the light fields only takes the form c
∫
d8zg2φφ¯ ln g
2φφ¯
M2
which increases with
growth of M . Actually we showed that, such increasing contributions emerge everywhere
we have propagators of the heavy fields, if one has a dependence on µ (i.e. if the theory
involves divergences), which is common if the theory does ot involve higher derivatives or
extended supersymmetry..
4.10 The higher-derivative chiral superfield models
The next generalization for the models of the chiral superfield involves including the
higher derivatives. Originally, the higher derivatives extension has been introduced for the
purposes of the regularization in [78]. Further, the higher-derivative extension was carried
out in gravity, first in [79] where this extension was shown to improve the renormalization
properties of field theories. Moreover, it turns out that the higher-derivative additive
modifications of the gravity action arise due to the presence of the conformal anomaly of
matter fields in curved space [80]. In [81], a supersymmetric analogue of this anomaly and
the corresponding additive modification of the supergravity action were obtained, and in
[60] the quantum dynamics of the conformal sector (dilaton) was studied.
Actually, the higher-derivative field theories are studied in different contexts, including
different gravity modifications which are intensively applied to obtain the cosmic accel-
eration [83], and the Horava model of gravity [84]. In the context of supersymmetry,
the interest in the higher-derivative superfield theories was recently recovered due to the
paper [85]. Treating the well known problem of arising of the ghosts whose presence
is typical for the higher-derivative field theories, we note that an attempt to solve this
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problem was carried out in [86] where the hypothesis that the contribution of the ghosts
can be decoupled in certain cases (so-called “benign ghosts”) was argued. At the same
time, one can treat the higher-derivative theories as effective theories for studying of the
low-energy scale effects.
We start with the simplest example of a higher-derivative superfield theory [87]:
S[Φ, Φ¯] =
∫
d8zΦ✷Φ¯ + (
∫
d6zW (Φ) + h.c.). (4.221)
Here Φ is a chiral superfield, and W (Φ) is an arbitrary function. A particular form
of this action was studied in [77], for the case W (Φ) = Λe3Φ, it corresponds to the
four-dimensional anomaly-modified dilaton supergravity in the infrared limit (where, in
particular, all derivative-dependent interaction terms of the classical action simply van-
ish). This action, being reduced to the components, contains fourth order in space-time
derivatives. We will refer to this theory as to the minimal higher-derivative theory.
The effective action Γ[Φ, Φ¯], as usual, can be represented as a generating functional of
the one-particle-irreducible vertex Green functions:
eiΓ[Φ,Φ¯] =
∫
DφDφ¯ exp(iS[Φ + φ, Φ¯ + φ¯])|1PI . (4.222)
Here the Φ, Φ¯ are background (classical) fields and φ, φ¯ are quantum fields. As usual,
we can represent the structure of the effective action in this theory in the form given by
(4.149–4.153).
To obtain the one-loop effective action, one should expand the right-hand side of the
equation (4.222) up to the second order in the quantum superfields φ, φ¯ (cf. [33]). As a
result, the one-loop effective action is defined from the expression:
eiΓ
(1)[Φ,Φ¯] =
∫
DφDφ¯ exp(i[
∫
d8zφ✷φ¯ + (
1
2
∫
d6zW ′′(Φ)φ2 + h.c.)]), (4.223)
and this effective action can be represented in the form of the functional supertrace:
Γ(1)[Φ, Φ¯] =
i
2
Tr ln

 W ′′ −✷ D¯24
−✷D2
4
W¯ ′′

 . (4.224)
Again, the elements of this matrix are defined in different subspaces of the superspace and
mix the chiralities. To find a more simple equivalent form, we again, as in the previous
sections, use the trick based on the Faddeev-Popov methodology.
Let us consider the free higher-derivative theory of the real scalar superfield whose
action is
Sv = − 1
16
∫
d8zvDαD¯2Dα✷v. (4.225)
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This action is evidently invariant under the usual gauge transformations δv = Λ + Λ¯,
where Λ is a chiral superfield, and Λ¯ is an antichiral one. Following general prescriptions
of the Faddeev-Popov method, one can define the effective action Wv of this theory as
eiWv =
∫
Dv exp(− i
16
∫
d8zvDαD¯2Dα✷v)δ(
1
4
D2v − φ¯)δ(1
4
D¯2v − φ)∆FP , (4.226)
where the 1
4
D2v− φ¯, 1
4
D¯2v−φ play the role of the gauge fixing functions and φ, φ¯ are the
same as in (4.223), and ∆FP is a Faddeev-Popov determinant. One should notice that
the Wv is a constant.
Then, let us multiply the expressions (4.223) and (4.226). The functional integration
over φ, φ¯ is straightforward, and after omitting irrelevant constants, the one-loop effective
action takes the form
Γ(1) =
i
2
Tr ln(✷2 − 1
4
W ′′(Φ)D¯2 − 1
4
W¯ ′′(Φ¯)D2). (4.227)
So, the expression for the one-loop effective action is radically simplified.
Therefore we face the problem of calculating of trace of the logarithm of the higher-
derivative operator. The most convenient way to do it is based on the use of the proper-
time representation (see Sec. 4.6, 4.8):
Γ(1) =
i
2
Tr
∫ ds
s
exp[is(✷2 +
1
4
ΨD¯2 +
1
4
Ψ¯D2)]. (4.228)
Here we denoted W ′′(Φ) = −Ψ, W¯ ′′(Φ¯) = −Ψ¯ for the convenience. One should remind
that Ψ is a chiral superfield, and Ψ¯ is an antichiral one.
Disregarding the terms involving the space-time derivatives of Φ, Φ¯, which will not
contribute to lower orders of the derivative expansion of the effective action, corresponding
to fourth and higher orders in space-time derivatives of the scalar components of these
superfields, we can rewrite this expression as
Γ(1) =
i
2
∫
d8z1
∫
ds
s
exp[is(
1
4
ΨD¯2 +
1
4
Ψ¯D2)]eis✷
2
δ8(z1 − z2)|z1=z2. (4.229)
Now, let us proceed in a way similar to that one used in Sec. 4.8. As a first step, we
introduce operators
∆ =
1
4
ΨD¯2 +
1
4
Ψ¯D2; Ω(Ψ, Ψ¯, s) = eis∆, (4.230)
where Ω can be again expanded in the form (4.133) and satisfies the superfield heat
conductivity equation
1
i
dΩ
ds
= Ω∆. (4.231)
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The initial condition is evidently Ω|s=0 = 1, hence A(s = 0) = A˜(s = 0) = Bα(s = 0) =
B˜α˙(s = 0) = C(s = 0) = C˜(s = 0) = 0. The system involving these coefficients turns out
to be exactly the same as in the Wess-Zumino case (see Sec. 4.8), hence the coefficients
A and A˜ (they are again the only ones contributing to the one-loop effective potential)
reproduce the results obtained in the Wess-Zumino model [25]. In our case, unlike Sec. 4.8,
we give these coefficients up to the fourth order in the spinor supercovariant derivatives
of superfields:
A(s) + A˜(s) =
2
✷
[cosh(s˜U)− 1] +
+ s˜
D2ΨD¯2Ψ¯
64✷
(s˜ cosh(s˜U)− 1
U
sinh(s˜U)) +
+
s˜
64U2
[Ψ¯D¯2Ψ¯(DαΨ)(DαΨ) + ΨD
2Ψ(D¯α˙Ψ¯)(D¯
α˙Ψ¯)]×
× (1
3
s˜2U sinh(s˜U)− s˜ cosh(s˜U) + 1
U
sinh(s˜U)) +
+
s˜
256
(DαΨ)(DαΨ)(D¯α˙Ψ¯)(D¯
α˙Ψ¯)[
1
2
s˜3 cosh(s˜U)− 5
3
s˜2
U
sinh(s˜U) +
+
7
2U2
(s˜ cosh(s˜U)− 1
U
sinh(s˜U))]. (4.232)
Here s˜ = is, U =
√
ΨΨ¯✷. The higher orders in supercovariant derivatives of Ψ, Ψ¯ in
principle also can be found, however, the complete result would be extremely cumbersome.
The one-loop effective action can be expressed as
Γ(1) = − i
2
∫
d4θd4x1
∫
ds
s
[A(s) + A˜(s)]eis✷
2
δ4(x1 − x2)|x1=x2. (4.233)
The differences with the Wess-Zumino model will arise since the d’Alembertian operators
from the expansion of A(s) + A˜(s), will act not on the usual function eis✷δ8(z1 − z2), as
it occurs in that case, but on the function eis✷
2
δ8(z1 − z2).
It remains to substitute (4.232) into (4.233) and to expand it in the power series in
✷. The contribution to the one-loop ka¨hlerian effective action is given by the first line of
(4.232), i.e.
Γ
(1)
K = −i
∫
d4θd4x1
∫
ds
s
1
✷
[cosh(s˜U)− 1]eis✷2δ4(x1 − x2)|x1=x2, (4.234)
which, after expanding in series in ✷ yields
Γ
(1)
K =
∫
d4θd4x1
∫
dt
t
∞∑
n=0
1
(2n+ 2)!
(t2ΨΨ¯)n+1✷ne−t✷
2
δ4(x1 − x2)|x1=x2 , (4.235)
where we carried out the Wick rotation s = it (with t = −s˜) and x0 = ix0E for conve-
nience.
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It is convenient to split the indices n into odd, n = 2l + 1 and even, n = 2l, ones. As
a result, we can write K(1) as
Γ
(1)
K =
∫
d4θd4x1
∫ dt
t
∞∑
l=0
[
1
(4l + 2)!
(t2ΨΨ¯)2l+1✷2l +
1
(4l + 4)!
(t2ΨΨ¯)2l+2✷2l+1
]
×
× e−t✷2δ4(x1 − x2)|x1=x2. (4.236)
Now, let us consider the structure ✷ne−t✷
2
δ4(x1 − x2)|x1=x2 . It is clear that the function
V (t; x1, x2) = e
−t✷2δ4(x1−x2) which we will call the free heat kernel satisfies the equation
✷
2V (t; x1, x2) = − d
dt
V (t; x1, x2), (4.237)
hence
✷
2lV (t; x1, x2) = (− d
dt
)lV (t; x1, x2); ✷
2l+1V (t; x1, x2) = (− d
dt
)l✷V (t; x1, x2). (4.238)
In this subsection, the above expressions will be considered only in the limit x1 = x2. One
can find that
V (t; x1, x2)|x1=x2 =
∫
d4k
(2π)4
e−tk
4
=
1
32π2t
;
✷V (t; x1, x2)|x1=x2 =
∫
d4k
(2π)4
(−k2)e−tk4 = − 1
32π3/2t3/2
, (4.239)
therefore
✷
2lV (t; x1, x2)|x1=x2 = (−
d
dt
)l
1
32π2t
=
(−1)ll!
32π2tl+1
;
✷
2l+1V (t; x1, x2)|x1=x2 = (−
d
dt
)l(− 1
32π3/2t3/2
) = −(−1)
l+1(2l + 1)!!
32π3/22ltl+3/2
. (4.240)
Replacing all this into (4.236), we arrive at
Γ
(1)
K =
1
32π2
∫
d8z
∫
dt
∞∑
l=0
(−1)l
[
t3l
l!(ΨΨ¯)2l+1
(4l + 2)!
−
− t3l+3/2 (ΨΨ¯)
2l+2
(4l + 4)!
√
π(2l + 1)!!
2l
]
. (4.241)
To simplify this expression, let us make the change t(ΨΨ¯)2/3 = u (note that u is dimen-
sionless). We find
Γ
(1)
K =
1
32π2
∫
d8z(ΨΨ¯)1/3
∫
du
∞∑
l=0
[(−1)lu3ll!
(4l + 2)!
−
− (−1)
lu3l+3/2
(4l + 4)!
√
π(2l + 1)!!
2l
]
, (4.242)
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so the one-loop Ka¨hlerian effective potential is
K(1) =
c0
32π2
∫
d8z(ΨΨ¯)1/3, (4.243)
where
c0 =
∫
du
∞∑
l=0
[
(−1)lu3ll!
(4l + 2)!
− (−1)
lu3l+3/2
(4l + 4)!
√
π(2l + 1)!!
2l
]
(4.244)
is a finite constant. It is easy to see that the result for dilaton supergravity [60], being a
particular case of this result, is explicitly reproduced.
Now, let us calculate the one-loop auxiliary fields’ effective action. To do it, let us
consider all derivative dependent terms in (4.232). After their expansion in power series
in ✷, we find
Γ
(1)
F = −i
∫
d4θd4x1
∫
dt
t
∞∑
n=0
[D2ΨD¯2Ψ¯
64
t2n+4(ΨΨ¯)n+1[
1
(2n+ 2)!
− 1
(2n+ 3)!
] +
+
1
64
[Ψ¯D¯2Ψ¯DαΨDαΨ+ h.c.]t
2n+4(ΨΨ¯)n[
1
3(2n+ 1)!
− 1
(2n+ 2)!
+
1
(2n+ 3)!
] +
+
1
256
DαΨDαΨD¯α˙Ψ¯D¯
α˙Ψ¯t2n+6(ΨΨ¯)n ×
× [ 1
2(2n)!
− 5
3(2n+ 1)!
+
7
2(2n+ 2)!
− 7
2(2n+ 3)!
]
]
×
× ✷ne−t✷2δ4(x1 − x2)|x1=x2. (4.245)
Then, we apply the same scheme as above. By its essence, this expression looks like
Γ
(1)
F = i
∫
d4θd4x1
∫
dt
t
∞∑
n=0
An(Ψ, Ψ¯, t)✷
ne−t✷
2
δ4(x1 − x2)|x1=x2 . (4.246)
Here An are some functions of fields whose explicit form can be read off from (4.245).
After carrying out the transformations we used above, we find the auxiliary fields’ effective
potential to be
F (1) = C1
D¯2Ψ¯D2Ψ
ΨΨ¯
+ C2[Ψ¯D¯
2Ψ¯DαΨDαΨ+ h.c.]
1
(ΨΨ¯)2
+
+ C3D
αΨDαΨD¯α˙Ψ¯D¯
α˙Ψ¯
1
(ΨΨ¯)2
, (4.247)
where C1, C2, C3 are some numbers. We note that, in principle, this form can be predicted
without explicit calculations. Indeed, this form should involve exactly two Dα derivatives
and two D¯α˙ derivatives. Also, by dimensional reasons, the numbers of fields Ψ (and
similarly Ψ¯ should be equal in a numerator and a denominator of any contribution to this
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expression, which also must be symmetric with respect to change Ψ→ Ψ¯. Hence we can
have only the terms listed in the expression above.
To close the consideration of the one-loop effective action for this model, let us discuss
the one-loop chiral contributions to the effective action. It is clear that they differ from
zero only if W¯ ′′(Φ¯)|Φ¯=0 = Λ 6= 0 (essentially it means that Λ is related with the mass of
the theory; one should notice that the case Λ = 0 gives zero one-loop chiral corrections).
One should note that since the theory is therefore massive, there is no contributions to
the chiral effective potential. It was argued in [82] that there are two possible types of
chiral contributions in this theory, that is, f1(Ψ)✷Ψ and f2(Ψ)∂
mΨ∂mΨ, however, the
first of them can be reduced to the second one through integration by parts. Hence, we
have the only possible form for the chiral quantum correction, that is,
L(1)c = f(Ψ)∂mΨ∂mΨ. (4.248)
By dimensional reasons, one can write this expression as
L(1)c = af(Ψ/Λ)Ψ−5/3∂mΨ∂mΨ, (4.249)
where a is a some number. Actually, it is convenient to rewrite this expression in terms
of Φ and suggest that W ′′(Φ)|Φ=0 = Λ 6= 0 as well, in this case we can suggest f.e.
W ′′(Φ) = Λe3Φ, as it occurs in the dilaton supergravity, we have
L(1)c = af(e3Φ)eΦ∂mΦ∂mΦ. (4.250)
Namely this result is found in a dilaton supergravity [82].
We note however that these expressions, first, do not contribute to the chiral effective
potential, second, can be treated (and perhaps it is more natural) as contributions to the
auxiliary fields’ effective potential although they are chiral, since, being expressed in the
form of the integral over whole superspace d8z, they contain no nonlocalities being of the
form
∫
d8z(f1(Ψ)D
αΨDαΨ + f2(Ψ)D
2Ψ), with f1(Ψ) and f2(Ψ) are some functions of Ψ
only, with no derivatives or nonlocal factors.
Now, after we have calculated these contributions, let us study a bit different form of
the higher-derivative theory whose kinetic term is
SK =
∫
d8zΦ(✷ −M2)Φ¯. (4.251)
This kinetic term is equivalent to the one of the Wess-Zumino model with a higher-
derivative regulator [78]. The importance of theories with such a kinetic term follows
from the observation made in [85] where the higher-derivative superfield theory namely
with this kinetic term has been shown to be classically equivalent to the chiral superfield
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theory which does not involve higher derivatives, but, instead of this, describes dynamics
of a set of chiral superfields. The key idea of [85] consists in introducing new chiral fields
χ and χ˜, which are subsequently expressed in terms of Φ and D¯2Φ¯, with Φ being the basic
chiral superfield described by the initial higher-derivative theory. This is done by the use
of a linear transformation, which however, becomes singular in the case M = 0. So, the
studies carried out in the paper [85] are applicable only for the theory with M 6= 0.
However, the analysis of the effective action for such theory within the proper-time
method is more complicated than for the theory studied above. The calculation of the
Schwinger coefficients A(s) and A˜(s) is the same as above. The analogue of the free heat
kernel function V (t; x1, x2), after introducing of the same trick as above, can be shown to
be equal to
V (s; x1, x2) = e
−s(✷2−M2✷)δ4(x1 − x2). (4.252)
However, even the evaluation of the case x1 = x2, which is only interesting for us in the
one-loop approximation, is a nontrivial problem which can be reasonably solved only for
very large mass M . Let us proceed with this calculation.
After Fourier transform and Wick rotation, the function V (t; x1, x2)|x1=x2 looks like
I(s) ≡ V (s; x1, x2)|x1=x2 =
∫ d4k
(2π)4
e−s(k
4+k2M2). (4.253)
Changing variables, k2 = u, we find
I(s) =
1
16π2
e
tM4
4
∫ ∞
0
duue−s(u+
M2
2
)2 . (4.254)
Replacing then u+ M
2
2
= u′ and integrating over u where it is possible, we find
I(s) =
1
32π2s
− M
2
32π2
e
sM4
4
∫ ∞
M2/2
due−su
2
. (4.255)
We find that this expression for the heat kernel function can be expressed through the
probability integral function
Φ(x) =
2√
π
∫ x
0
dte−t
2
. (4.256)
The presence of such a function seems to make impossible finding the explicit one-loop
ka¨hlerian potential in the general case. It is clear that Φ(x→∞)→ 1. Indeed,
I(s) =
1
16π2
(
1
2s
− M
2
2
esM
2/4(
∫ ∞
0
due−su
2 −
∫ M2/2
0
due−su
2
)) (4.257)
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Substituting su2 = w2, we get
I(s) =
1
16π2
(
1
2s
− M
2
2
esM
2/4(
1
2
√
π
s
− 1√
s
∫ M2√s/2
0
dwe−w
2
)) =
=
1
16π2
[
1
2s
− M
2
2
esM
2/4 1
2
√
π
s
(1− Φ(M2√s/2)]. (4.258)
To evaluate this expression, we employ the asymptotics of the probability integral Φ(y)
at large arguments [88]:
Φ(y)|y→∞ = 1− 1
π
e−y
2
∞∑
k=0
(−1)kΓ(k + 1
2
)
y2k+1
. (4.259)
We find that the term with k = 0 identically cancels the “usual” term 1
2s
. Taking into
account only the M →∞ dominant term (remind that the limit of very high masses was
studied earlier in [77]), one finds
I(s) =
1
16π2s2M4
, (4.260)
which differs from the case M = 0 considered earlier where the analogue of this function
was proportional to 1
s
. One could note that such behaviour of the heat kernel seems to
be similar to that one occurring in the Wess-Zumino model [25, 66]. Nevertheless, the
presence of a large mass in the denominator gives a hope that the corrections to the
effective action will be suppressed in a M →∞ limit.
To give a description of the principal difference of new theory, we restrict ourselves
only to calculation of the ka¨hlerian effective potential in a new theory. Let it action be
S[Φ, Φ¯] =
∫
d8zΦ(✷−M2)Φ¯ + (
∫
d6zW (Φ) + h.c.). (4.261)
Here M is a large parameter related to the physical mass. Using the insertion of the
effective action of the free real scalar superfield whose classical action looks like
Sv = − 1
16
∫
d8zvDαD¯2Dα(✷−M2)v, (4.262)
one can show that the one-loop effective action corresponding to the theory (4.261) can
be expressed through the following Schwinger representation
Γ(1) =
i
2
Tr
∫
ds
s
exp[is(✷(✷−M2) + 1
4
ΨD¯2 +
1
4
Ψ¯D2)]. (4.263)
Since we restrict ourselves here to the ka¨hlerian part of the effective potential, we can
express the one-loop effective action as
Γ(1) =
i
2
Tr
∫
d8z
∫
ds
s
exp[is(
1
4
ΨD¯2 +
1
4
Ψ¯D2)]eis✷(✷−M
2)δ8(z − z′)|z=z′. (4.264)
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The relevant terms from the operator exp(is(1
4
ΨD¯2+ 1
4
Ψ¯D2)) again have the form (4.232),
and, after Wick rotation s = it, the one-loop ka¨hlerian effective action looks like
Γ
(1)
K = −i
∫
d4θd4x1
∫
dt
t
1
✷
[cosh(t
√
ΨΨ¯✷)− 1]e−t✷(✷−M2)δ4(x1 − x2)|x1=x2. (4.265)
Expanding this in series in ✷, after Wick rotation we find
Γ
(1)
K =
∫
d4θd4x1
∫
dt
t
∞∑
n=0
1
(2n+ 2)!
(t2ΨΨ¯)n+1✷nV (t; x1, x2)|x1=x2. (4.266)
Here the function V (t; x1, x2) can be read off from the (4.252). As we already noted, this
expression can be found in a closed form only in the limitM →∞. It follows from (4.252)
that
✷
nV (t; x1, x2) =
1
tn
(
d
d(M2)
)nV (t; x1, x2), (4.267)
so that, after taking x1 = x2 ,
✷
nV (s; x1, x2)|x1=x2 =
(−1)n(n + 1)!
16π2(M2t)n+2
. (4.268)
Putting all together, we find
Γ
(1)
K =
1
32π2
∫
d8z
∫
dt
M2t2
∞∑
n=0
(−1)n(n+ 1)!
(2n+ 2)!
(
tΨΨ¯
M2
)n+1
. (4.269)
This expression is similar to Eq. (4.178) obtained for the Wess-Zumino model. As a
result, we have
K(1) =
1
32π2
ΨΨ¯
M4
∞∑
n=0
∫ ∞
ΨΨ¯L2
M4
du
u
(−1)nun(n+ 1)!
(2n+ 2)!
. (4.270)
To avoid divergence of the integral, we introduced the cutoff L2 at the lower limit. As
L2 → 0, one obtains
K(1) = − 1
32π2
ΨΨ¯
M4
ln(µ2L2)− 1
32π2
ΨΨ¯
M4
(ln
ΨΨ¯
M4µ2
− ξ). (4.271)
Here ξ is some finite constant which can be absorbed into a redefinition of µ2. This
contribution is divergent but turns out to be suppressed in the large M limit. This
divergence can be eliminated by adding a counterterm
K
(1)
countr =
1
32π2
ΨΨ¯
M4
ln(µ2L2). (4.272)
4.10. THE HIGHER-DERIVATIVE CHIRAL SUPERFIELD MODELS 115
Thus, the renormalized ka¨hlerian effective potential is
K(1) = − 1
32π2
ΨΨ¯
M4
(ln
ΨΨ¯
M4µ2
− ξ). (4.273)
It is interesting also to proceed with the calculations in terms of the Feynman super-
graphs, using the method similar to [69]. The one-loop effective action is described by
the same supergraphs as at Fig. 10, with the external legs correspond to alternative Ψ
and Ψ¯. Their sum, calculated along the same lines as in the Section 4.8, after the Wick
rotation is given by
Γ(1) = −1
2
∞∑
n=1
1
n
∫
d4θ
∫
d4kE
(2π)4
(ΨΨ¯
D2D¯2
16k4E(k
2
E +M
2)2
)nδ12|θ1=θ2 . (4.274)
The D-algebra transformations are simple, so we can easily sum the series and obtain
Γ(1) = −1
2
∫
d4θ
∫ d4kE
(2π)4
1
k2E
ln
(
1 +
ΨΨ¯
k2E(k
2
E +M
2)2
)
. (4.275)
This integral can be exactly calculated only at M = 0, giving
Γ(1) = c
∫
d4θ(ΨΨ¯)1/3, (4.276)
with c is a finite number. We note that this result can be obtained even without cal-
culations. Indeed, by the symmetry reasons, the one-loop effective action can be only a
function of ΨΨ¯, and by the dimensional restrictions, the only answer for it is just the
expression above. However, ifM 6= 0, the Γ(1) (4.275) cannot be expressed in terms of the
elementary functions and can be evaluated only in the limits M → 0 or M →∞ as it has
been done above. This methodology can be applied as well to the case of the presence of
the higher-derivative gauge fields [89].
We considered the one-loop effective potential for two different versions of the higher-
derivative chiral superfield models. It turns out that, in the case when the mass term
is purely chiral (a similar situation with the mass term takes place in the Wess-Zumino
model), the theory is finite. At the same time, if the mass term arises in the general
Lagrangian (that is the situation considered in [85]), the theory displays divergences
though being super-renormalizable. We note, however, that the equivalence of the higher-
derivative theory of the chiral superfield and the theory without higher derivatives but
with an extended number of chiral superfields described in [85] occurs only in the case
when the mass term belongs to the general Lagrangian (that is, the second case considered
in the section). Therefore, the presence of these divergences can be considered as a sign
in favour of the equivalence established in [85]. Indeed, the expression (4.271), after
relabelling Ψ
M2
→ ψ, identically reproduces the one-loop ka¨hlerian effective potential in
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the Wess-Zumino model, with ψ = m + λΦ. We can therefore conclude that the higher-
derivative theory (4.261), in the limit M →∞, yields the same quantum contribution to
the effective potential as the Wess-Zumino model.
4.11 Supergauge theories
This section is a brief review of results on supergauge theories. Unfortunately, the re-
stricted volume of this review does not allow to discuss all essential results of last years
in this sphere hence we only give here main ones.
4.11.1 General description of supergauge theories
The starting point of our consideration is an action of N = 1 super-Yang-Mills theory
(cf. [61]):
SSYM =
1
64g2
∫
d6z trW αWα, (4.277)
where
Wα = −D¯2(e−gVDαegV );V (z) = V I(z)T I . (4.278)
The V (z) = V I(z)T I is a real scalar Lie-algebra-valued superfield. We can expand the
action (4.277) into power series in coupling g. As a result we get
S =
1
16
∫
d8z tr (V DαD¯2DαV + . . .). (4.279)
Here dots denote higher orders in g. The action (4.277) is invariant under gauge trans-
formations
egV → e−igΛ¯egV eigΛ. (4.280)
where D¯α˙Λ = 0. The equivalent form of this transformation [31] is
δV = iLgV/2(Λ + Λ¯ + cothLgV/2(Λ− Λ¯)). (4.281)
Here LgVA = [gV, A] is a Lie derivative. It is easy to see that strengths Wα, W¯α˙ transform
covariantly under such transformations (in the Abelian case they are invariant). The
leading order in (4.281) is
δV = i(Λ− Λ¯). (4.282)
4.11. SUPERGAUGE THEORIES 117
Since the theory is gauge invariant we must introduce gauge-fixing functions for quan-
tization. The most natural form of them is (cf. section 4.8 where these gauge-fixing
functions were used for calculation of one-loop effective action in Wess-Zumino model)
χ(V ) = −1
4
D¯2V + f(z) (4.283)
χ¯(V ) = −1
4
D2V + f¯(z).
Here f(z) is an arbitrary chiral superfield. The variation of these gauge fixing functions
under transformations (4.281) is
δ

 χ(V )
χ¯(V )

 =

 0 −14D¯2
−1
4
D2 0



 δV
δV

 . (4.284)
According to Faddeev-Popov approach we can introduce the ghost action
SGH = c
′δχ|gΛ=c,gΛ¯=c¯ (4.285)
i.e. parameters of the gauge transformation gΛ, gΛ¯ in this case are replaced by ghosts.
Here δχ ≡ δ

 χ(V )
χ¯(V )

 from (4.284), c′ is a line (c′c¯′) and since Λ is chiral c, c′ are also
chiral ones. Here c, c′ are chiral ghosts and c¯, c¯′ are antichiral ones. As usual, ghosts are
fermions.
Therefore
SGH =
∫
d6z tr c′
δχ
δV
δV +
∫
d6z¯ tr c¯′
δχ¯
δV
δV, (4.286)
where
δV = LgV/2(c+ c¯+ cothLgV/2(c− c¯)). (4.287)
Hence, the action of ghosts looks like
SGH =
∫
d8ztr (c¯′ − c′)LgV/2(c+ c¯+ cothLgV/2(c− c¯)). (4.288)
Then, the generating functional for this theory at zero sources according to Faddeev-Popov
approach looks like
Z[J ]|J=0 =
∫
DVD{c}ei(SSYM+SGH )δ+(1
4
D¯2V − f)δ−(1
4
D2V − f¯). (4.289)
Here we use the notation D{c} ≡ DcDc′Dc¯Dc¯′ for an integral over all types of ghosts.
We can average over functions f and f¯ with weight
exp(
i
ξ
∫
d8z(f f¯ + bb¯)), (4.290)
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where ξ is a some number (actually, it is a gauge parameter). The b, b¯ are Nielsen-Kallosh
ghosts (in this case their contribution to effective action is a constant, but in background-
covariant formulation it is non-trivial). As a result, the (4.289) takes the form
Z[J ]J=0 =
∫
DVD{c}ei(SSYM+SGH+SGF ), (4.291)
where
SGF =
1
16ξ
∫
d8ztr(D¯2V )(D2V ) (4.292)
is a gauge-fixing action [31].
We introduce the total action
Stotal = SSYM + SGF + SGH (4.293)
and the generating functional
Z[J, {η}] =
∫
DVD{c} exp(i(Stotal +
∫
d8ztrJV +
∫
d6ztr(η′c′ + ηc) +
+
∫
d6z¯(η¯′c¯′ + η¯c¯))). (4.294)
Here {η} is the set of all sources: η, η′, η¯, η¯′. To develop a diagram technique we must
split action Stotal into a sum of the free (quadratic) part and vertices. It is easy to see
[31, 2] that
e−gVDαegV = gDαV − 1
2
g2[V,DαV ] +
1
6
g3[V, [V,DαV ]] + . . . . (4.295)
Therefore (4.277) looks like
SSYM =
∫
d8z tr
( 1
16
V DαD¯2DαV +
1
16
g(D¯2DαV )[V,DαV ]−
− 1
64
g2[V,DαV ]D¯2[V,DαV ]− 1
48
g2(D¯2DαV )[V, [V,DαV ]] + . . .
)
. (4.296)
And the ghost action is
SGH =
∫
d8z tr
(
c¯′c− c¯c′ + 1
2
g(c¯′ − c′)[V, c+ c¯] + g
2
12
(c′ − c¯′)[V, [V, c− c¯]]
)
+
+ . . . . (4.297)
This expression is sufficient in one- and two-loop calculations.
The quadratic action, with the added gauge-fixing term, is
S0 = −1
2
∫
d8z trV
(
− 1
8
DαD¯2Dα +
1
16ξ
{D2, D¯2}
)
V +
∫
d8ztr(c¯′c− c¯c′). (4.298)
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Vertices can be read off from (4.296,4.297). Propagators look like
< V I(z1)V
J(z2) > = δ
IJ 1
✷
(
− 1
8✷
DαD¯2Dα + ξ
{D2, D¯2}
16✷
)
δ8(z1 − z2); (4.299)
< c¯′I(z1)cJ(z2) > = < c′I(z1)c¯J(z2) >= −δIJ 1
✷
δ8(z1 − z2).
We note that ghosts are fermions hence any ghost loop corresponds to minus sign. Then,
D-factors are associated with vertices containing ghosts just by the same rule as with
vertices containing any chiral superfields. The algebraic indices are suggested where it is
necessary. We note that if we choose ξ = 1 (Feynman gauge) the propagator of gauge
superfield takes the simplest form
< V I(z1)V
J(z2) >= δ
IJ 1
✷
δ8(z1 − z2). (4.300)
Note that its sign is opposite to the sign of propagator of chiral superfield (this difference
of signs plays an important role for some cancellations of divergences, see f.e. [22]).
If we want to introduce interaction of a chiral superfield with the gauge one, the
quadratic part in Φ, Φ¯ looks like
S =
∫
d8zΦ¯i(e
gV )ijΦ
j , (4.301)
if chiral superfield Φi is transformed under some representation of the gauge group (i.e.
it is an isospinor) or
S =
∫
d8ztr(Φ¯egVΦe−gV ), (4.302)
if chiral superfield Φ = ΦaT a is Lie-algebra-valued. Note that under gauge transformations
(4.280) the chiral superfield is transformed as
Φ→ e−igΛΦ (4.303)
for isospinor chiral superfield and as
Φ→ e−igΛΦeigΛ (4.304)
for Lie-algebra-valued chiral superfield. Note that Λ, Λ¯ are Lie-algebra-valued parame-
ters in both cases. The vertices can be easily obtained by expanding into power series
expressions corresponding to interaction: in first case
∫
d8z[Φ¯i(e
gV )ijΦ
j − ΦiΦ¯i] =
∫
d8z
∞∑
n=1
1
n!
Φ¯i(gV
n)ijΦ
j , (4.305)
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and in second one –
tr
∫
d8z((Φ¯egVΦe−gV )− Φ¯Φ) = tr
∫
d8z(gΦ¯[V,Φ] +
g2
2
Φ¯[V, [V,Φ]] + . . .). (4.306)
The diagram technique derived now is very suitable for calculations in sector of back-
ground Φ, Φ¯ only and for calculation of divergences.
Let us consider an example. The N = 2 super-Yang-Mills theory with a chiral matter
is described by the action (see f.e. [90, 2]):
S =
1
64g2
∫
d6z trW αWα + tr
∫
d8zΦ¯egVΦe−gV +
+
n∑
i=1
[
ig(
∫
d6zQiΦQ˜i + h.c.) +
∫
d8z ¯˜Qie
−gV Q˜i +
∫
d8zQ¯ie
gVQi
]
. (4.307)
Here Φ is Lie-algebra-valued chiral superfield, andQi, Q˜i are chiral superfields transformed
under mutually conjugated representations of Lie algebra. They are often called matter
hypermultiplets. In the particular case where we have only one superfield Q and one
superfield Q˜, we get the N = 4 super-Yang-Mills theory (the extended supersymmetry
manifests itself through the so-called hidden SUSY transformations relating the chiral
and real superfields between themselves, see f.e. [22]).
We note that there is another equivalent formulation of the N = 4 super-Yang-Mills
theory in which instead of Φ, Qi and Q˜i, one has three Lie-algebra-valued chiral superfields
Φi, with i = 1 . . . 3, with the following action (cf. [22]):
S =
1
64g2
∫
d6z trW αWα + tr
∫
d8z
3∑
i=1
Φ¯ie
gVΦie
−gV +
+
g
3!
ǫijktr
[
(
∫
d6zΦiΦjΦk + h.c.)
]
. (4.308)
Let us consider the structure of one-loop divergences in the theory (4.307). For sim-
plicity we choose Feynman gauge ξ = 1 in which the propagator has the most simple
structure (4.300), therefore all tadpole diagrams given in [2] evidently vanish.
First we consider contributions to wave function renormalization of Φ field
Fig.12
Here the thin line is propagator of the Lie-algebra valued chiral superfield Φ, the thick
one – of hypermultiplets Q, Q˜, the wavy one – of real superfield v, the dashed one – of
ghosts.
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One-loop divergent contributions from these supergraphs are respectively (see f.e. [90])
2
∑
M
∫ d4k
(2π)4
1
k2(k + p)2
ΦaΦ¯btrM(T
aT b) (4.309)
and
−2
∫
d4k
(2π)4
1
k2(k + p)2
ΦaΦ¯btrad(T
aT cT d)trad(T
bT cT d). (4.310)
Here trM denotes trace in representation under which hypermultiplets are transformed.
Coefficient 2 is caused by presence of two chiral hypermultiplets Q and Q˜ in the first term,
and by two different contraction in the second term. We see that if
∑
M trM(T
aT b) =
trad(T
aT cT d)trad(T
bT cT d) there is no divergent contributions to wave function renor-
malization. In other words, the divergences are cancelled when the hypermultiplets are
transformed under the specific representations of the gauge groups.
Contributions to the hypermultiplet wave function renormalization look like
Fig.13
The one-loop divergent contributions from these supergraphs are respectively [90]
∫
d4k
(2π)4
1
k2(k + p)2
Q¯iQl(T
a)ij(T a)jl (4.311)
and
−
∫
d4k
(2π)4
1
k2(k + p)2
Q¯iQl(T
a)ij(T a)jl. (4.312)
These corrections evidently cancel each other, hence the hypermultiplet wave function
renormalization is trivial. In both these cases cancellation is caused by the difference in
signs of propagators of gauge superfield and chiral superfields (both Lie-algebra valued
and the hypermultiplet ones). The same is correct for Q˜ and ¯˜Q.
Then, let us turn to the gauge sector of the theory. One-loop contributions to wave
function renormalization for gauge superfields are represented by the following super-
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graphs:
Fig.14
To make a brief description of the implications of the extended supersymmetry, we
discuss now only the mutual cancellation of the quadratic divergences. Nevertheless, one
can show [22], that the mutual cancellation of the logarithmic divergences within the
background field method occurs for the same relations for the gauge group generators.
So, the quadratically divergent contributions of these four supergraphs are respectively
given by (see f.e. [22, 90])
∫ d4k
(2π)4
1
k2
V aV btrad(T
aT cT d)trad(T
bT cT d);
∫
d4k
(2π)4
1
k2
V aV btrad(T
aT cT d)trad(T
bT cT d);
2
∑
M
∫
d4k
(2π)4
1
k2
V aV btrM(T
aT b);
−4
∫
d4k
(2π)4
1
k2
V aV btrad(T
aT cT d)trad(T
bT cT d). (4.313)
Hence the same condition for cancellation of divergences for the two-point function of
chiral superfields, that is,
trad(T
aT cT d)trad(T
bT cT d) = trM(T
aT b), (4.314)
implies cancellation of the quadratic divergences for the two-point function of the gauge
superfield, and there is no quadratically divergent correction to < V V >-propagator.
As we have already mentioned, the same relation (4.314) implies the cancellation of the
logarithmically divergent contributions. This condition is satisfied for an appropriate
gauge group, in particular, SU(N). We note that the tadpole graphs (for the massless
chiral superfield) give contributions identically equal to zero. This mechanism explicating
the vanishing of divergences is discussed, f.e. in [22], [91], where it is shown to be caused
by the N = 2 superconformal symmetry. The most important example of such theories
is N = 4 super-Yang-Mills theory (4.308) which is equivalent to (4.307) with only one
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pair of hypermultiplets Q, Q˜ which are transformed under the adjoint representation of
the Lie algebra. This theory is known to be finite (see f.e. [2, 22]).
4.11.2 Background field method
The approach to study of the gauge theories described up to this place is very useful
for consideration of divergences and corrections in the sector of chiral superfields Φ, Q, Q˜
only. To study contributions depending on gauge superfields we must develop a method
allowing to preserve manifest gauge invariance at any step, whereas earlier we have ob-
tained contributions in terms of superfield V which are in general case not gauge invariant.
Therefore we must introduce an approach in which external lines are background strengths
Wα, W¯α˙ and their gauge covariant derivatives. This method was developed in [61] (see
also [95] and references therein), here we give its description.
The problem of calculation of the effective action in the super-Yang-Mills theory de-
scribed by the action (4.277) is much more complicated than in other field theories. The
main difficulties are the following ones. First, the nonpolynomiality of the action (4.277)
implies in the infinite number of vertices which seems to result in infinite number of
types of the divergent quantum corrections (such a situation is treated in common cases
as the non-renormalizability of the theory), second, it is easy to see that the common
background-quantum splitting V → V0 + v where V0 is a background field and v is a
quantum field cannot provide manifest gauge covariance of the quantum corrections. Re-
ally, because of the nonpolynomiality ofW α (4.278), to get a covariant quantum correction
(which by definition must be expressed in terms of the strengths Wα, W¯α˙ which are the
only objects transforming in a covariant way under the gauge transformations unlike of
the superfield V itself) we need to summarize an infinite number of supergraphs with dif-
ferent numbers of external V0 legs (to the best of our knowledge, the explicit form of this
summation never has been performed in the literature). The background field method
provides an effective solution for both these problems.
The starting point of the method under discussion is a nonlinear background-quantum
splitting for the superfield V defining the action (4.277) [61]:
egV → egΩegvegΩ¯. (4.315)
Here the v is a quantum field, the Ω, Ω¯ are the background superfields (they are not
necessary chiral/antichiral ones, the only restriction is egΩegΩ¯ = egV , with V is a back-
ground gauge field, so, in principle one can have f.e. Ω = Ω¯, or f.e. Ω = 0). After such
a background-quantum splitting (unfortunately, the complete proof of this statement is
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very tedious), the classical action (4.277) takes the form:
S = − 1
16g2
tr
∫
d8z(e−gvDαegv)D¯2(e−gvDαegv). (4.316)
In this expression (which describes a theory of real scalar superfield v coupled to back-
ground superfields Ω, Ω¯) the W α is a background strength (we kept it in the explicit
form), and the Dα, D¯α˙ are the background covariant derivatives defined by the expres-
sions [22, 61]:
Dα = e−gΩDαegΩ,
D¯α˙ = egΩ¯D¯α˙e−gΩ¯. (4.317)
Our further aim consists in study of the action (4.316). To do it let us first describe
the properties of the background covariant derivatives given by (4.317). The Dα, D¯α˙
in (4.317) act on all on the right. Then, as well as the covariant derivatives in usual
differential geometry, the background covariant derivatives Dα, D¯α˙ can be represented in
the following “standard” form
Dα = Dα − iΓα, D¯α˙ = D¯α˙ − iΓ¯α˙, (4.318)
where
Γα = ie−gΩ(DαegΩ), Γ¯α˙ = iegΩ¯(D¯α˙e−gΩ¯) (4.319)
are the superfield connections.
Let us study the (anti)commutation relations for the Dα, D¯α˙. We start with imposing
the following constraint
Dαα˙ = − i
2
{Dα, D¯α˙} (4.320)
which represent itself as a background covariant analogue of the common anticommutation
relation ∂αα˙ = − i2{Dα, D¯α˙}. Then, it is easy to verify straightforwardly the following
definition of the background strength Wα (cf. [94]):
Wα = [D¯α˙, {D¯α˙,Dα}] = 2i[D¯α˙,Dαα˙]. (4.321)
Really (it is straightforward to check this relation for Ω = V , and Ω¯ = 0; also, one should
remind that derivatives act on all on the right, not only on the adjacent field), after we
substitute expressions (4.317) for the background-covariant derivatives to (4.321), and
take into account that egΩegΩ¯ = egV in the case of absence of the quantum field v (cf.
(4.315)), we get just the definition (4.278).
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The relation (4.321) is crucial. Its treating consists of the fact that the background-
covariant space-time derivative Dαα˙ has non-zero commutators with spinor background-
covariant derivatives unlike of the common covariant derivatives, and, moreover, that the
background strengths could arise during the D-algebra transformations. In particular, the
identity (4.321) implies in the following expressions (cf. [95]):
[Dα, D¯2] = −Wα + 4iD¯α˙Dαα˙ = Wα + 4iDαα˙D¯α˙. (4.322)
We also need in definition of the (background) covariantly chiral superfields to describe
coupling of the gauge superfields to the matter. By definition, the superfield Φ is referred
as the (background) covariantly chiral one if it satisfies the condition D¯α˙Φ = 0. It is easy
to see that the Φ is related to the common chiral field Φ0 as
Φ = egΩ¯Φ0. (4.323)
Really, condition of chirality D¯α˙Φ0 = 0 implies in
egΩ¯D¯α˙e
−gΩ¯egΩ¯Φ0 = 0. (4.324)
Using the definitions (4.317,4.323) we arrive just to the condition D¯α˙Φ = 0.
Now we are in position to develop the perturbative approach for the theory with
action (4.316). First, we note that this theory possesses the symmetry with respect to
the following gauge transformations:
egv → eigΛ¯egve−igΛ, (4.325)
where Λ is a covariantly chiral parameter, i.e. it satisfies the condition D¯α˙Λ = 0 (sim-
ilarly, DαΛ¯ = 0). Therefore we need to introduce a gauge fixing. The most natural
background covariant gauge fixing term looks like
Sgf = − 1
32
tr
∫
d8zv{D2, D¯2}v, (4.326)
which is a covariant generalization of the common gauge fixing term in the Feynman
gauge. Summarizing the (4.316) and (4.326), we get the following action of the quantum
v field:
St = S + Sgf = −1
2
tr
∫
d8zv✷v + Sint, (4.327)
where the Sint in the expression above is an interaction part. In principle, one can fix
other gauges (by putting the factor ξ−1 in Sgf ), however, even the problem of finding the
propagator for v field appears to be very complicated for an arbitrary gauge (up to this
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time nobody found this propagator in a closed form). Hence the Feynman gauge is the
most convenient one. The propagator of the v field in the Feynman gauge is
< vI(z1)v
J(z2) >= ✷
−1δIJδ8(z1 − z2) (4.328)
(for the sake of the uniqueness of the consideration we relate all terms involving Wα, W¯α˙
to the interaction part).
The interaction part of the total action of v involves both covariant generalizations of
the “common” vertices and the new vertices involving the background strengths Wα, W¯α˙
manifestly (these expression are the analogues to those ones used in [61, 95], where,
however, other conventions are used):
Sint = tr
∫
d8z
(1
2
v(W αDα + W¯α˙Dα˙)v + 1
16
gv{Dαv, D¯2Dαv} −
− 1
48
g[[Dαv, v], v]Wα − 1
64
g2[v,Dαv]D¯2[v,Dαv]−
− 1
48
g2D¯2Dαv[v, [v,Dαv]]− 1
192
g2[[[Dαv, v], v], v]Wα
)
+ . . . . (4.329)
We note that the terms proportional to Wα in the triple- and higher-order vertices in
v arose from the anticommutation of the gauge covariant derivatives in (4.316) between
themselves, with use of the expression (4.321).
We also can prove the following important relation (cf. [61]):
DαD¯2Dα − 1
2
{D2, D¯2} −W αDα − 1
2
(DαWα) = −8(✷+W αDα + W¯αD¯α˙);
D2D¯2D2 = 16(✷+ W¯α˙D¯α˙ + 1
2
(D¯α˙W¯ α˙))D2 ≡ 16✷−D2;
D¯2D2D¯2 = 16(✷+W αDα + 1
2
(DαWα))D¯2 ≡ 16✷−D¯2. (4.330)
Because of the gauge symmetry, one needs to introduce ghosts. Since the form of the
gauge transformations and gauge fixing action is very similar to the “common” super-
field case with only difference consisting in covariant chirality instead of common one,
the action of ghosts in this case also will be analogous to the common case with only
difference consisting in the fact of the covariant chirality of the ghosts c, c′ or covariant
antichirality of the ghosts c¯, c¯′:
Sgh = tr
∫
d8z(c¯′ − c′)Lgv/2(c+ c¯+ cthLgv/2(c− c¯)) (4.331)
which after expansion in the power series gives:
Sgh = tr
∫
d8z(c¯′c+ c′c¯+
1
2
(c¯′ − c′)[v, c+ c¯] + 1
12
(c′ − c¯′)[v, [v, c− c¯]] + . . .). (4.332)
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The action of the matter after the background-quantum splitting of the gauge fields takes
the form
Sm =
∫
d8zΦ¯egvΦ, (4.333)
where Φ, Φ¯ are the covariantly chiral and antichiral superfields. The propagators of
covariantly chiral superfields and ghosts are
< φ¯φ >= −✷−1+ δ8(z1 − z2), < c¯′IcJ >=< c¯Ic′J >= −δIJ✷−1+ δ8(z1 − z2), (4.334)
with D2, D¯2 factors are associated with the vertices in the same manner as D2 and D¯2
for the propagators of the usual chiral superfields. We note that such propagators can
be expanded into power series in Wα, W¯α˙, see (4.330). The expressions (4.329, 4.332,
4.333, 4.328, 4.334) can be used for constructing the supergraphs. Some examples of
the application of the method for the supergraph calculations (in the pure SYM theory
without matter) can be found in [95].
Now let us give a comparative characteristics for the two methods of superfield calcu-
lations – the background field method and the “common” method.
The crucial difference is the following one. In the framework of the “common” method
the quadratic and linear divergences could arise for the supergraph with arbitrary any
number of the external legs. Really, it is easy to show that the superficial degree of
divergence for the “common” supergraph is
ω = 2− 1
2
ND −Eφ, (4.335)
where ND is a number of spinor supercovariant derivatives associated to the external legs,
Eφ is a number of external chiral (antichiral) legs. We note that the quadratic and/or
linear divergences are possible for any number of external v legs. At the same time, in
the framework of the background field method by the construction of the background-
quantum splitting the only external lines are the background strengths and/or their co-
variant derivatives. The superficial degree of divergence in this case can be shown to have
the form
ω = 2− 3
2
NW − 1
2
ND + ǫ− Eφ, (4.336)
where NW is a number of the background strength legs, ǫ = 1 for the chiral (antichiral)
contribution (whose only possible structure is
∫
d6zW 2,
∫
d6z¯W¯ 2), otherwise ǫ = 0; the ND
is the number of derivatives acting on external Wα, W¯α˙ legs (the derivatives presenting in
eachWα, W¯α˙ by definition must not be taken into account!). We see that in the framework
of this approach only logarithmic overall divergences are possible, they arise for the terms
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proportional to W 2, with the quadratic and linear subdivergences (which are important
if we make a noncommutative generalization) can arise only in subgraphs which are not
associated to the external Wα, W¯α˙ legs.
From formal viewpoint such a difference has the following origin. Really, the superfield
strength by construction contains three spinor derivatives, hence arising of any superfield
strength leg in the framework of “common” formalism decreases by three the number of
the D-factors which could be converted to momenta (we note that use of the background
field method allows to sum automatically the infinite number of “common” graphs and
forbids existence of the supergraphs with the superficial quadratic or linear divergence),
as a result, the convergence of the supergraph is improved. It is essential in the non-
commutative field theory since it means that the only problems could be generated by
subgraphs only as each contribution to the effective action is in worst case only logarith-
mically divergent. In part, it means that there is no contradiction between the result of
Bichl et al. [96] according to which the different contributions to the one-loop two-point
function of v field in the U(1) NC SYM theory possess quadratic divergences (only their
sum is free of dangerous UV/IR mixing) and the result of Zanon et al. [97] according
to which all one-loop contributions to the effective action in the same theory are free of
the dangerous UV/IR mixing (notice that the calculations in the last paper were carried
out in the framework of the background field method); we should mention also use of
the background field method in the papers [97] devoted to study of the one-loop effective
action in the noncommutative super-Yang-Mills theories. We note that the background
field method allows to preserve the gauge covariance at all steps of calculations.
However, the background field method has one disadvantage – presence of nontrivial
commutators of the background covariant derivatives makes all calculations extremely
difficult from the technical viewpoint even in the case of the absence of the external chiral
matter fields.
4.11.3 Proper-time method for the supergauge theories
Nevertheless, we should note that there exists a powerful tool allowing for the application
of the background field formalism, at least in the one-loop order, in a manner based on
the proper-time method, for the supersymmetric gauge theories. This method has been
developed in [68]. To illustrate it, let us consider the following one-loop effective action
of the gauge theories:
Γ(1) =
i
2
ln det(DaDa +W αDα + W¯α˙D¯α˙ + |Φ|2). (4.337)
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Actually, this expression emerges when one introduces to the super-Yang-Mills theory,
whose action is given by the sum of (4.327) and (4.329), the coupling to the external
chiral matter. It has been discussed in [99]. Here we illustrate how the result for it can
be obtained with use of the method developed in [68].
We start with the definition based on the well-known zeta function regularization
procedure (see f.e. [98] for a review on this methodology):
ln det∆ = −ζ ′(0), (4.338)
where the zeta function corresponding to the operator Kˆ = et∆, where t is a proper time
(see [34] for the general review on the proper time methodology) is defined as
ζ(s) =
1
Γ(s)
∫ ∞
0
dtts−1K(t), (4.339)
where K(t) is a functional trace of Kˆ. Alternatively, one can use straightforwardly
Schwinger-De Witt representation which allows to write
ln det∆ =
∫ ∞
0
dt
t
tret∆ ≡
∫ ∞
0
dt
t
K(t). (4.340)
Here, the kernel K(t) corresponding to the operator Kˆ, as usual, looks like
K(t) =
∫
d8z lim
z→z′
et∆δ8(z − z′). (4.341)
We note that here we follow the methodology developed in [68] and use the notations
from that paper. In our case, when the effective action is given by (4.337), the K(t) reads
as
K(t) =
∫
d8z lim
z→z′
et(D
aDa+WαDα+W¯α˙D¯α˙+|Φ|2)δ8(z − z′). (4.342)
Then, we use the Fourier representation of the complete delta function δ8(z − z′), both
for its bosonic and fermionic parts:
δ8(z − z′) =
∫
d4k
(2π)4
eik(x−x
′)
∫
d4ǫeiǫ
α(θα−θ′α)eiǫ¯α˙(θ¯
α˙−θ¯′α˙). (4.343)
To simplify the calculations, we factorize out the chiral matter superfields (which are
consisted as constants within this calculations), writing K(t) = et|Φ|
2
K˜(t). Then, the key
point of the methodology proposed in [68] follows: we take into account that the K(t)
(4.342) is an operator multiplied by the delta function which further must act on some
other function. Since the delta function is expanded into the Fourier series through the
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expansion above, one can verify that when the operator whose kernel is given by (4.342)
acts on an arbitrary function, the following objects will emerge:
Xa = Da + ika, Xα = Dα + iǫα, X¯α˙ = D¯α˙ + iǫα˙. (4.344)
Indeed, for example, the purely spatial derivatives part in K(t) (remind that K(t) is a
kernel of the operator), acting on an arbitrary function F (x′) (in this case – the function
of the bosonic coordinates only), will evidently produce the result
etD
aDaeik(x−x
′)F (x′)|x=x′ = etXaXaF (x). (4.345)
Thus, acting of each derivative on the object eik(x−x
′)F (x′) or the similar one involving
the Grassmannian delta function will augment this derivative with a term equal to the
corresponding moment multiplied by i. Repeating this arguments for the spinor deriva-
tives, we will see that the kernel of the operator which would act on the arbitrary function
of all superspace coordinates is
K˜(t) =
∫
d8z
∫ d4k
(2π)4
∫
d4ǫ lim
z→z′
et(X
aXa+WαXα+W¯α˙X¯
α˙). (4.346)
Now, let us differentiate this kernel with respect to the proper time t. It is straightforward
to see that the derivative of K˜(t) (4.346) looks like
dK˜(t)
dt
= Kaa +W
αKα(t) + W¯α˙K¯
α˙, (4.347)
where
KA1...An =
∫
d4k
(2π)4
∫
d4ǫXA1 . . .XAne
t∆˜ (4.348)
have the role of n-th momenta of the generalized Gaussian (cf. [68]), and ∆˜ = XaXa +
W αXα + W¯α˙X¯
α˙. The expression (4.347) will be treated by us as a main equation of this
study, similarly to the equation (4.132) for the Wess-Zumino model, aimed for calculating
the corresponding heat kernel.
Then, following [68], we use some identities representing themselves as integrals from
total derivatives over the whole space of the momenta conjugated to superspace coordi-
nates: ∫
d4k
(2π)4
∫
d4ǫ
∂
∂ǫα
(XA1 . . .XAne
t∆˜) = 0;
∫ d4k
(2π)4
∫
d4ǫ
∂
∂ǫ¯α˙
(XA1 . . .XAne
t∆˜) = 0;
∫
d4k
(2π)4
∫
d4ǫ
∂
∂ka
(XA1 . . . XAne
t∆˜) = 0. (4.349)
4.11. SUPERGAUGE THEORIES 131
Actually, we will need to consider the terms with only one Xα (or Xα˙) and no more than
two Xa. So, these identities imply in need to consider the following expression:
∂
∂ǫα
et∆˜ = −it
∞∑
n=0
tn
(n+ 1)!
ad(n)(∆˜)(W α)et∆˜, (4.350)
where ad(∆˜)(Wβ) = [∆˜,Wβ], ad
(2)(∆˜)(Wβ) = [∆˜, [∆˜,Wβ]], etc. The expression for the
derivative with respect to ǫ¯α˙ is a straightforward analogue of this one, and that one
involving the derivative with respect to the ka will be introduced further.
If we want to restrict ourselves to the expressions involving, at most, first derivatives
of any superfield strengths (note that just these expressions, being projected to the com-
ponents, give different degrees of the stress tensor Fab, whereas the higher derivatives of
Wα, W¯α˙ imply in the terms involving the derivatives of Fab), we must consider the only
nontrivial commutators:
[Xa, Xb] = −1
2
(D¯σ¯abW¯ −DσabW ) ≡ −1
2
(M¯ab −Mab); [Xa, Xα] = i(σa)αα˙W¯ α˙;
{Xα,Wβ} = (DαWβ) = Nαβ ; {X¯α˙, W¯β˙} = (D¯α˙W¯β˙) = Nα˙β˙. (4.351)
Now, it is the crucial moment that the background fields belong to Abelian phase (cf.
[99]). So, one can write ad(∆˜)(Wβ) = [∆˜,Wβ] = W
αNαβ. Repeating the calculation of
the commutator n times, we find that
ad(n)(∆˜)(Wβ) =W
α(Nn)αβ. (4.352)
Then, we make use of the identities (4.349). The first one looks like
0 =
∫
d4k
(2π)4
∂
∂ǫβ
(Xαe
t∆˜) = iδβαK˜(t)−
∫
d4k
(2π)4
Xα
∂
∂ǫβ
et∆˜. (4.353)
We employ the expression (4.350) to find the derivative with respect to ǫβ , and, afterwards
(4.352), to find n-th adjoint of Wα. As a consequence, we find that
∂
∂ǫβ
et∆˜ = −it
∞∑
n=0
tn
(n+ 1)!
W γ(Nn) βγ = −iW γ(
etN − 1
N
) βγ . (4.354)
We substitute these expressions to (4.353). Then, it remains to carry out the anticom-
mutation between Xα and W
γ, that is, {Xα,W γ} = N γα . We arrive at
0 = δβαK˜(t) +N
γ
α (
etN − 1
N
) βγ K˜(t)−W γ(
etN − 1
N
) βγ Kα(t). (4.355)
Moving the term withW γKα(t) to the left-hand side of the expression, multiplying by the
matrix inverse to ( e
tN−1
N
), and calculating the trace (with imposing the restriction that
Nαα = 0), we arrive at
W αKα(t) = tr(
N
etN − 1)K˜(t). (4.356)
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Proceeding in a similar way for the identity conjugated to (4.353), we find
W¯α˙K¯
α˙(t) = tr(
N¯
etN¯ − 1)K˜(t). (4.357)
We note that this term was absent in [68] where only the contribution dependent on Wα
but not W¯α˙ was considered.
Finally, one can identically repeat the calculation of [68], to obtain the Kab(t). One
starts with the identity
0 =
∫
d4k
(2π)4
∂
∂kb
(Xae
t∆˜) = iδabK˜(t) +
∫
d4k
(2π)4
Xa
∂
∂kb
et∆˜, (4.358)
and., similarly to the calculations above, one finds
∂
∂kb
et∆˜ =
∞∑
n=0
tn
(n+ 1)!
ad(n)(X ·X)(Xb) = 2itBbc(t)Xc, (4.359)
where
Bbc =
(
e−t(M¯−M) − 1
−t(M¯ −M)
)
bc
. (4.360)
Therefore, restoring the Kac with use of its definitions from (4.348), one finds that the
identity (4.358) leads to
0 = iδabK˜(t) + 2itBbc(t)Kac(t) (4.361)
(the term involving Ka(t) will be irrelevant just as in [68]), so, one has
Kab(t) = − 1
2t
(B−1)ba(t)K˜(t) =
1
2
(
M¯ −M
e−t(M¯−M) − 1
)
ba
K˜(t). (4.362)
For the sake of simplicity, we suggested within these calculations that Nαα = 0, as well
as N α˙α˙ = 0. These identities can be imposed since these expressions do not contribute
to the degrees of freedom of the stress tensor Fab; actually, for the Abelian background
superfield they are just equivalent to the Bianchi identities DαWα = 0, D¯α˙W¯
α˙ = 0.
Substituting these expressions to (4.347), we arrive at
dK˜(t)
dt
=
[
1
2
(
M¯ −M
e−t(M¯−M) − 1
)a
a
+ tr
(
N
etN − 1
)
+ tr
(
N¯
etN¯ − 1
)]
K˜(t). (4.363)
The solution of this equation is
K˜(t) =
W 2W¯ 2
16π2
det
(
e−tN − 1
N
)
det
(
etN¯ − 1
N¯
)
det
(
1− e−t(M¯−M)
M − M¯
)−1/2
. (4.364)
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The overall constant factor is fixed from the fact that, just as in [68], the solution of
this equation at M = M¯ = N = 0 must be K(t) = W
2W¯ 2
16π2
, that is, the expression which
yields the well-known result for the four-point function of Wα and W¯α˙ but not on their
derivatives [22, 100]. On the base of this kernel, one can write down the following one-loop
effective action:
Γ(1) =
∫
d8z
∫
dt
t
e−t|Φ|
2W 2W¯ 2
16π2
det
(
etN − 1
N
)
det
(
etN¯ − 1
N¯
)
×
× det
(
1− e−t(M¯−M)
M − M¯
)−1/2
. (4.365)
We note that due to the identity [68]:
det(
1− e−2tF
F
)−1/2 =
1
4t2
det(
tF
sinh tF
)1/2, (4.366)
this expression can be rewritten in an alternative form:
Γ(1) =
∫
d8z
∫
dt
t3
e−t|Φ|
2W 2W¯ 2
16π2
det
(
etN − 1
N
)
det
(
etN¯ − 1
N¯
)
×
× det
(
t(M¯ −M)
sinh t(M¯ −M)
)1/2
. (4.367)
This is just the result obtained in [99] for the SU(2) gauge group broken to U(1). We note
that if one will suggest that the derivatives of the strengths are zero, i.e. M = M¯ = N = 0,
one will have det( e
tN−1
N
)|N=0 = t2 (remind that N is 2× 2 matrix since the spinor indices
take values 1 and 2), one recovers the well-known result [22, 100]:
Γ(1) =
1
16π2
∫
d8z
W 2W¯ 2
(ΦΦ¯)2
. (4.368)
This study can be easily generalized for the SU(n) gauge group broken to its maximal
Abelian subgroup (Abelian torus) U(1)n−1. Indeed, following [100], we can write the
one-loop effective action in this case as
Γ(1) =
i
2
∑
k<l
ln det(−DaDa − (W αk −W αl )Dα − (W¯α˙k − W¯α˙l)D¯α˙ − |Φk − Φl|2). (4.369)
Here W αk −W αl etc. are the superfield roots of the su(n) algebra (see the detailed discus-
sion of the algebra roots for su(n) and structure of this expression in [100]). Explicitly
repeating the calculation above for (4.369), we arrive at
Γ(1) =
∑
k<l
∫
d8z
∫
dt
t
e−t|Φkl|
2W 2klW¯
2
kl
16π2
det
(
etNkl − 1
Nkl
)
det
(
etN¯kl − 1
N¯kl
)
×
× det
(
1− e−t(M¯kl−Mkl)
Mkl − M¯kl
)−1/2
, (4.370)
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where W αkl = W
α
k −W αl , Φkl = Φk − Φl etc. We close this section with the conclusion
that the one-loop effective action of the super-Yang-Mills theory, in the approximation
of constant background fields Fab and φ (that is, the principal components of Wα and
Φ), has been successfully calculated for the gauge group SU(n), with an arbitrary n. In
principle, the calculation for other gauge groups will not essentially differ.
Chapter 5
Supersymmetry breaking
Throughout these lecture notes, we have discussed the superfield methodology for studying
the supersymmetric field theories. However, it is known that, actually the supersymmetry
is broken at the observed scales of energy. There are two ways to describe breaking
of any symmetry including the supersymmetry, those are – explicit and spontaneous
breaking. The detailed discussions of the supersymmetry breaking are presented in famous
review papers, such as [101, 102], and, of course, in classical supesymmetry textbooks like
[22, 40, 30]. Here we do not suggest to give a detailed discussion of the supersymmetry
breaking, following a more modest aim – to present a brief description of some ways to
describe these phenomena in terms of the superfield methodology (here we concentrate
on the theories defined in the four-dimensional space-time).
5.1 Explicit supersymmetry breaking
Within this methodology we suggest that the classical action of the theory involves a
small additive term whose presence breaks the supersymmetry. Dealing within the su-
perfield approach, at least formally, we can introduce such an additive term through an
introduction of a special extra “superfield” with a broken component structure, with a
corresponding non-trivial component of this superfield is a constant. Actually such a
superfield, called a spurion, represents itself as a some generalization of the coupling
constant (actually, this is a soft supersymmetry breaking since the divergences continue
to be logarithmic; we also note that additive supersymmetry-breaking terms are small).
There is a natural restriction on the structure of such terms: it is easy to see that only
the logarithmic divergences can emerge in the quantum corrections in Wess-Zumino and
super-Yang-Mills theories (while for the Wess-Zumino model it follows directly form the
study of the superficial degree of divergence, for the super-Yang-Mills theory the corre-
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sponding divergences can be shown to be forbidden by the gauge symmetry). Therefore,
we suppose the spurion terms to be in the form which does not introduce quadratic di-
vergences. In particular, it is necessary for this that the constant defining the spurion to
have a non-negative mass dimension.
The key idea of the supersymmetry breaking is the following one [101]: it is easy to see
that the above-mentioned constant cannot be the lower (θ, θ¯-independent) component of
the superfield since its variation under the supersymmetry transformations vanishes, and
the supersymmetry is not broken. Therefore, there are three possible monomial forms of
the spurion (we note that the constant fields µ, µ¯, ν must be scalar, to maintain Lorentz
invariance), cf. [22]:
χ = µ2θ2, χ¯ = µ¯2θ¯2, U = ν2θ2θ¯2. (5.1)
Two first types of spurions can emerge in chiral and antichiral sectors of the action re-
spectively, and the third one – only in a general sector. The corresponding additional
terms in the action of the Wess-Zumino model (and models including it as an ingredient)
will be respectively
∆S1 =
∫
d6zχΦ2 + h.c. =
∫
d4x(µ2ϕ2 + h.c.), ∆S2 =
∫
d8zUΦΦ¯ =
∫
d4xν2ϕϕ¯, (5.2)
where ϕ is a scalar component of the chiral superfield Φ. A brief inspection of the
component structure shows that these additive terms, although do not generate new
types of counterterms, destroy the equality of masses of bosonic and fermonic fields which
is known to be characteristic, thus, the supersymmetry in these cases is broken. We note
that the mass dimension of µ2 is 2, and of ν2 is zero, i.e. in both cases it is non-negative,
and the renormalizability of the theory is not jeopardized.
It is easy to verify that if the mass dimension of the spurion superfield is non-negative,
no new divergent terms can emerge. Indeed, in this case only the vertices with degrees of
superfields and/or derivatives no higher than those ones present in the initial action of the
theory are present, therefore there is no possibility for non-renormalizable interactions.
However, in principle, there are non-renormalizable spurion couplings, like f.e.∫
d8zUDαΦDαΦ [22]. In this case the spurion has a negative dimension. From the view-
point of the Feynman supergraphs, each spurion vertex in this case involves two extra
spinor derivatives which increases degree of divergence of the corresponding supergraph.
Such a manner of supersymmetry breaking is evidently not soft.
We close this section with a mentioning that the soft supersymmetry breaking has
wide phenomenological and cosmological applications (in the context of the dark matter
problem), see f.e. [103].
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5.2 Spontaneous supersymmetry breaking
Within the study of this concept we suggest that the classical action of the theory is
supersymmetric, thus, it is naturally formulated in terms of the superfields. However, the
vacuum is not supersymmetric, so, the supersymmetry is broken in a spontaneous manner.
This way of supersymmetry breaking seems to be more delicate being a principal subject
of many studies.
The key observation which gave rise to many discussions of the spontaneous super-
symmetry breaking is the following one (it is explained f.e. [22, 30] and many other
textbooks): in any supersymmetric theory, the Hamiltonian, that is, the energy operator,
can be written in terms of the supersymmetry generators as
H ≡ P 0 = 1
4
(σ0)αβ˙{Qα, Q¯β˙} =
1
4
({Q1, Q¯1˙}+ {Q2, Q¯2˙}), (5.3)
so, the Hamiltonian of the supersymmetric theories is positive, with the supersymmetry
generators play the role of the creation and annihilation operators. As a result, action
of the annihilation operator on the vacuum states |0 > should give zero, Q¯α˙|0 >= 0.
Similarly, one has Qα|0 >= 0. Therefore, the variation of the vacuum under the su-
persymmetry transformations is zero, (ǫαQα + ǫ¯α˙Q¯
α)|0 >= 0. It is also clear that the
minimum of the Hamiltonian of the field theory is a minimum of its potential since the
kinetic energy is essentially non-negative. Therefore, we have a natural criteria: if the
vacuum (that is, the lower value of the potential) of the supersymmetric theory is zero,
the supersymmetry is not spontaneously broken.
Now, let us see examples. First, one of the simplest examples of the models involving
the spontaneous supersymmetry breaking is the super-QED extended by the additive,
gauge invariant Fayet-Iliopoulos term [104]:
SFI = −ξ
∫
d8zV. (5.4)
This term is linear in the superfield. Moreover, in components it has the simple form
ξ
∫
d4xD(x), where D is higher component of the gauge superfield (4.24). It is clear that
this term breaks the parity V → −V (and, consequently, D → −D). Since this field
enters the action of the super-QED (cf. (4.53)) only through the term
SD =
∫
d4x(
1
2
D2 − ξD), (5.5)
it is clear that the equations of motion for D, besides of the usual solution D = 0, yield
also the solution D = ξ which does not possess the symmetry D → −D, so, this symmetry
is broken. The supersymmetry is also evidently broken since the supersymmetry trans-
formations near this vacuum, for some components of the superfield V (in particular, for
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the vector field Aa) will be ξ-independent, but for some (in particular, for the photino λα)
– ξ-dependent. Introducing of interaction of the gauge superfield with the chiral matter
will not essentially modify the situation [22].
Other important example of the models displaying the spontaneous supersymmetry
breaking are the O’Raifeartaigh models [105]. In models of this class, one has a set of
chiral superfields with usual kinetic terms for them, but with more sophisticated (although
renormalizable) potential. The simplest example of such models is (see [105, 106]):
S =
∫
d8z(X¯X + φ¯1φ1 + φ¯2φ2) + [
∫
d6z(mφ1φ2 + hXφ
2
1 + fX) + h.c.], (5.6)
where X and φ1,2 are chiral superfields. If one would obtain the equations of motion
for this theory and then put D2φ1,2 ≃ 0, D2X ≃ 0, in order to consider only slowly
varying superfields (that is, the ka¨hlerian potential), one arrive at the following system
of equations:
f + hφ21 = 0;
mφ2 + hXφ1 = 0;
mφ1 = 0. (5.7)
Such a system is evidently inconsistent, therefore, the vacuum for this theory simply does
not exist, and the supersymmetry is broken. It was shown in [106] that a whole class of
superfield theories possesses a similar behaviour.
We close this section with recommending of the brilliant review [102] for a further
reading on this subject.
Chapter 6
Conclusions
We considered superfield method in supersymmetric field theory, both in three- and four-
dimensional space-times. This method allows to preserve manifest supersymmetry at any
step of calculations, and the calculations within it turns to be much more compact than
within the framework of the component approach.
We studied several examples of superfield theories and presented in details quantum
calculations for them. In three dimensions, the examples were a scalar superfield theory
and supersymmetric gauge theories. In four dimensions, we considered the Wess-Zumino
model, the general chiral superfield model, higher-derivative chiral superfield model and
N = 1 super-Yang-Mills theory with chiral matter. In all these theories we developed
supergraph technique, studied general form of superfield effective action and calculated
low-energy leading contributions to effective action. It is natural to expect that develop-
ment of superfield quantum calculations in other superfield models formulated in terms of
N = 1 superfields including different supergravity models is in principle no more difficult.
We also discussed the background field method in the supergrauge theories.
Let us briefly discuss other applications and generalizations of the superfield approach
in the quantum field theory. In the last years the following most important ways of
applications of superfield supersymmetry were developed.
1. Studying of theories with extended supersymmetry. It is known that
theories with extended supersymmetry possess better renormalization properties, f.e. as
N = 1 super-Yang-Mills theory is renormalizable, the N = 4 super-Yang-Mills theory is
finite. The most important examples of theories with extended supersymmetry are N = 2
and N = 4 super-Yang-Mills theories. During last years numerous results in studying of
these theories were obtained (see f.e. [99, 100, 107] and references therein).
It is natural to expect that the most adequate method for consideration of such theories
must possess manifest N = 2 supersymmetry. Such a method is a harmonic superspace
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approach developed in [18, 19]. This method is based on consideration of superfields being
the functions of bosonic space-time coordinates xa, two sets of Grassmann coordinates
θiα, θ¯iα˙ with i = 1, 2 and spherical harmonics u±i. Introducing of analytic superfield
[18] allows to develop formulation in terms of unconstrained N = 2 superfield and to
avoid arising of component fields with higher spins. The formulations of N = 2 and
N = 4 super-Yang-Mills theories in harmonic superspace is given in [18, 19], background
field method for these theories is developed in [108, 109, 110], and examples of quantum
calculations are given in [100, 107, 111, 112, 113]. The most important results presented
in these papers are calculation of holomorphic action of N = 2 matter hypermultiplets
in external N = 2 gauge superfield, calculation of one-loop nonholomorphic effective
potential in N = 4 super-Yang-Mills theory and proof of its absence in higher loops,
calculation of one-loop effective action for N = 4 super-Yang-Mills theory for constant
strength tensor Fab, calculation of superconformal anomaly of N = 2 matter interacting
with N = 2 supergravity. During last years other important results achieved in these
investigations were calculation of contributions depending on derivatives of N = 2 super-
Yang-Mills strength W [114, 115], calculation of contributions depending on background
matter hypermultiplet fields [116], and development of quantum approach for N = 3
super-Yang-Mills theory [117] (the manifestly N = 3 supersymmetric approach based on
the harmonic superspace technique for the N = 3 supersymmetric theory was introduced
in the paper [57]). Also, it is necessary to mention the intensive studies of the three-
dimensional extended supersymmetric theories, especially N = 6 and N = 8 Chern-
Simons theories (see f.e. [4]), where also the harmonic superspace approach has been
successfully developed and applied (see f.e. [118]).
2. Noncommutative supersymmetric theories. Noncommutative theories have
been intensively studied during last years. Concept of space-time noncommutativity was
introduced to quantum field theory due to some consequences of D-branes theory [119] and
to consideration of quantum theories on very small distances where quantum fluctuations
of geometry are essential. Consideration of supersymmetric noncommutative theories is
quite natural. During last years some interesting results in studying of noncommuta-
tive supersymmetric theories were obtained but they were mostly based on component
approach. The first superfield results were calculation of leading (∼ F 4) correction to
one-loop effective action for N = 4 super-Yang-Mills theory [97] and formulation of su-
pergraph technique for noncommutative Wess-Zumino model [27]. Further, the quantum
superfield studies for the Wess-Zumino model [120] and four-dimensional superfield QED
[92] and super-Yang-Mills theories [93] were carried out. There are also a list of examples
of calculations in three-dimensional supersymmetric field theories [14, 51], and some of
them have been considered in this book. These theory were shown to be consistent in the
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sense of absence of the nonintegrable UV/IR infrared divergences. Thus, we can speak
about construction of the consistent noncommutative generalizations of the supersymmet-
ric theories of electromagnetic, strong and weak interactions. Therefore, the next most
important problem could consist in development of the noncommutative supersymmetric
generalization for the last fundamental interaction – the gravitational one. However, this
problem is certainly extremely difficult (see discussion of the problem f.e. in [121, 122]).
3. Noncommutative superspace. One more approach in the superfield quantum
theory is based on use of the noncommutative superspace [29]. Within it, the fermionic
superspace coordinates form the Clifford algebra instead of the Grassmann algebra, which,
in part, leads to the modified construction of the Moyal product. In the framework of this
approach, the generalizations of the Wess-Zumino (see f.e. [123] and reference therein),
gauge (see f.e. [124] and reference therein) and general chiral superfield models [125] were
studied. A three-dimensional version of the noncommutative superspace [54] has been
presented in this work.
Then, there are a lot of applications of superfields approach to problems of supersym-
metric quantum field theory (f.e. to studying of AdS/CFT correspondence which was
carried out mostly on base of component approach), and of course consideration of many
problems originated from superstrings and branes theory.
As a final conclusion, we can suppose that superfield approach in quantum field theory
is a very perspective one, and there are a lot of ways for its development and more
applications.
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